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1. Introduction

Let a=<a(n) >, be a complex-valued function defined on the o -finite measure space (X, A, )
where X =[], A=2",the power set of X and
4= counting measure. The distribution function of the complex-valued function a=<a(n) >, is
defined as
1, (s)={nell :ja(n)|>s} s=0.
By a" we mean the non-increasing rearrangement of a given as
a'(t)=inf{s>0:,(s)<t}, t=>0.
We can interpret the non-increasing rearrangement of a with g, (S) <o, >0, as a sequence

*

< a(n)

>, if we define for n—1<t<n,
a,, =a (t)=inf{s>0: 4, (s)<n-1
Then a* =< a:n) > is the sequence <|a(n) >, permuted in a decreasing order.
The Lorentz-sequence space 1(p,q),l< p<o0,1<q<o0, is the set of all complex sequences

a=<a(n) >, suchthat || al|., <00, where

. 1/q9
{Z:(nl/”a("n))q n‘l} . l<p<oo, 1<g<w

a — n=1 .
” ”(p»Q) ili?nl/pa(n) , 1<p<oo, g=o0.
The Lorentz-sequence space 1(p,q),1< p<oo,1<q<oo, is a linear space and |||, is a quasi-
norm. Moreover 1(p,q),1< p<oo,1<q<oo, is complete with respect to the quasi-norm ||-||, ., and
I(p,q),1<q < p<oo with respect to ||-[|, ) is a complete normed linear space. Throughout this paper we

consider the spaces 1(p,q),1< p<oo,1<q<oo, withrespectto ||-||,,, - The I” - spaces for 1< p <o

are equivalent to the spaces |(p, p) . For more details on Lorentz spaces one can refer to [ 2, 6, 7 and 8] and
references therein. Such spaces |(p, ) fall in the category of L(p,q) spaces [7] as well as in the category of
functional Banach spaces [6].

A study of the duals, isomorphic | —subspaces of Orlicz-Lorentz sequence spaces qu,w [6 and 8] is made
by Kaminska and others. In [10] isomorphic properties of Orlicz-Lorentz sequence spaces are discussed. The
Lorentz-sequence space 1(p,q) coincides with L, when ¢(t)=t% and the weight sequence
w(n) = n@m-t, Multiplication and composition operators are studied in various function spaces in [1, 3, 5 and

11]. In [12], these operators are studied on weak Lebesgue space |” .
Let T :[J —[] be a mapping and U =<u(n) > be a complex sequence (or complex-valued function

on [I), we define a linear transformation W, ~on the Lorentz-sequence space
1(p,q),1< p<o0,1<q<o0o into the linear space of all complex sequences by
W (f)=uoT - foT =<u(T(n)f(T(n))>,

where f =< f(n)> el(p,q). If W, is bounded with range in 1(p,q), then it is called a weighted
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composition operator on 1(p,q). B(I(p,q)) denotes the algebra of all bounded linear operators on 1(p,q).
An operator AeB(I(p,q)) is said to be Fredholm if it has closed range, dim(Ker(A)) and
codim(R(A)) are finite, where dim(Ker(A)) is the dimension of the kernel of A and codim(R(A)) is

the co-dimension of the range of A, namely the dimension of any subspace complimentary to the range of A.
In this paper we are interested in the study of boundedness and Fredholmness of the weighted composition

operator on Lorentz-sequence spaces 1(p,q),1< p<o,1<q<o. Boundedness of the weighted
composition operator is characterized. Weighted composition operator with closed range is also characterize

2. Boundedness

The section is devoted to the study of weighted composition operators W, ; (f F>uoT - f oT) on the
space 1(p,q), 1< p<oo, 1<g<oo induced by a sequence U=<u(n) >, and a mapping
T :[J =[] . Boundedness of W, ; is characterized. Various examples are presented in this section.

Definition 2.1. A sequence U =<U(Nn) >, and amapping T :[] —[] are said to be finitely related if
HT 7 ({n}) <o,
forall ne S=T(){n:u(n) =0}
Definition 2.2 For some M > 0, if the sequence U =< u(Nn) >, and the mapping T :[] —[] satisfy
HTH({nh <M
foral ne S=T({J)n{n:u(n) =0}, then u and T are said to be M — related.
A necessary condition for the range of W, to liein I(p,q),1< p<oo,1<q<oo isthat U and T

are finitely related. For if £T *({n}) is not finite for some NS then €, =<e_ (M) >_, where
L ifm=n;
e,(m)= .
0, otherwise
satisfies €, €1(p,(),1< p<oo,1<q<oo with €, [|,,=1but W, €, doesnotliein I1(p,q).

Existence of such U and T can be seen by various examples.

Example 2.3. Let u=<u(n) >, where
ifn=2;
u(n) = L .
0, otherwise
and define T :[] —[] as

n, if nisodd;
T(n)= L
2, if niseven.

Then S=T(J){n:u(n)=0}={2}. Clearly u and T are not finitely related.
Example 2.4. Define U=<u(n) >, as
{O, if nis odd;
u(n) = o
n, if niseven
and T:[] -] asT(n)=2n,Vnell.
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Then S={2n:nel}and uT *({n}) =1 forall neS, sothat U and T are 1-related.

Example 2.5. Define u=<u(n) >, as

0, if nisodd;
u(n) = .
1L if niseven

and T :[J =[] as

M) ={L _if n_is odd;
n, if niseven.

Then U and T are 1-related.

Example 2.6. Define u=<u(n)>, as u(n)=1vnel and T:[J >0 a T(m)=n if
2" <m<2". Then 4T *({n}) =2"",Vnell(=S). Hence U and T are finitely related but not M -
related for any M >0.Incase 1<q< p<o or q=o0,1< p<oo, foreach nell,let m =(n’+1)
and if 1< p<q<oo, then m, =(n?+1) foreach nel] .

Then in any case, €, =<e, (K) >, where

[t T

, otherwise
satisfies €, €1(p,q) with [le, |, =1
Now W, r€, =<u(T (k))e, (T (k))>, where

u(T (k))e, (T (k) ={

Hence for 1<g< p<ow orl<p<qg<oo,

L ifkeT*{m)):

0, otherwise.

1
||Wu,TemI1 H(qp,q): 1+—

+...+%Z(2nq)>nq ||em ”
2" (LT =({m,}) n

q
(p.a)°

where I zl—% )

For =0o0,1< p <oo,wehave

W, 7€,

h H(p,Q) :

1/ *
||(p,q)=5kligk P(ueT €, °T)u >nlle,

In this example we have seen that finite relatedness of U and T doesn’t ensure the boundedness of W, on
I(p,g)l<p<oo,1<q<o0,

Example 2.7. Define U =<u(n) >, as

n, if nisodd;
u(n) = L
0, if niseven
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and T:[J =0 as T(n)=2n,Vnell. Then U and T are M -related. Here T is injective, U is
unbounded whereas W, ; (= 0) is bounded.

Theorem 2.8. Suppose U=<U(n)>, and T :[] —[] are M -related for some M > 0. Then a necessary

and sufficient condition for the boundedness of W, ; is that there existsan M ™ > 0 such that

lu(n)|<KM*
forall neS=T()n{n:u(n) =0}

Proof. Suppose U=<u(n)>_ and T :[] —[] are such that for some k €[]
lum)|<k and 4T *{mM}p <k, V meS.
Then for a =<a(n) >.€l(p,q) and t >0,
(UoT-aoT) (kt) =inf{s>0: 1, ..; (S) <kt}
<inf{s >0: u, (s/k) <t}=ka’(t).

Hence
(UoT-aoT) yum =UeT-aoT) (pk+m-1)

:wﬁraﬂrww+mf5)

Ska*(p.g.m__l)
k
=ka,,y, V pel u{0km=12- k.
Thisgivesfor 1< p<oo, 1<g<oo,ie. for 1<qg<p<oo orl<p<g<oco,
HWU,Ta”?p’q): Z((UOT.aoT)Zn))q n(@P)-1
n=1

S k2q ||a| |?p,q)

andfor q=o0,l< p<oo,
1 *
||Wu,Ta||(p,q): Snlifn p(UOT'aOT)(n)

S k2 ||a||(p,q)'

Hence W, ; is bounded operator on 1(p,q),1< p<oo,1<q<oo.

Conversely, let W, ; be a bounded operator on 1(p,q),1< p<o,1<q<o0 andlet M">1 be such
that
Wyl <M1 [ forall f <1(p.0).

In particular, foreach me S, e, €1(p,q) and
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W, r&, =<u(T (k))e, (T (k)) >,

where
u(m), ifkeT*{m});
0, otherwise

u(T (k))e, (T (k)) ={

so that
IWyr€n [lip.qp ZIU(M) |

Thus [u(m)| < |IW, €, [l g <M". Hence the theorem.
Corollary 2.9. Suppose U=<u(n)>, and T :[] —[] aresuchthat [u(n)| =1V neS. Then the linear
transformation W, ; on 1(p, Q) is bounded if and only if

(): U and T are M -related for some M > 0.

(i) IM™ >0 such that [u(n) |[<M” forall neS.
Proof. In view of the Theorem 2.8, it is enough to prove that condition (i) holds when W, ; is bounded. If
possible (i) doesn’t hold. In case 1< g < p<oo Or g=00,1< p<oo, thenforeach nell ,let m, €S be
such that

HT({m}) >n”
and if 1< p<(q< oo, thenforeach nell take M €S such that
pTH({m.}) > n".
Inany case, €, <l(p,q).
Thenfor 1< p<o0,1<Q<o0,

1 1
”W €m ||?pq) = |u(mn)|q [1+_+"'+ 1 ]
o 2' (LT ({m.})
{uT-l({mn}Wpu(mn)‘*, 1<q<p<n
AT Hm Plu(my), 1<p<g<oo
> nq || emn ||?p,q)
where :1—g.
p
Also for g=0,1< p<oo,
W, &, o= supn*P(ueT e, oT)i,

n>1

= (uT " {m3)™ u(m,)|
> nile, [l -

This contradicts the boundedness of W, - . Hence the result.

In the Example 2.7, we have seen that boundedness of U is not necessary condition for the boundedness of

W, when T is injective. The next corollary states that if T is bijective then it is necessary as well as
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sufficient condition for the boundedness of W, .
Corollary 2.10. Suppose T :[] —[] is a bijective mapping and U =< u(n) > is a given sequence. Then
W, 1 :1(p,q) = 1(p,q) is bounded if and only if U is bounded.
Proof. Injectiveness of T ensuresthat U & T are M -related for M >1. Hence we only need to show that if
W, ; is bounded then U is bounded.
If W, 1 is bounded then, for some M, >0,
W rallp.q=Mollallg.q
forall a€l(p,q).Foreach nell, let K, be the unique natural number such that T (k) =n, then
Wy, < Mo,
or equivalently |u(n)|< M. Thus U is bounded.
Theorem 2.11. Let u=<u(n)>_ and T :[] —[] aresuchthat T(E,) < E, foreach & >0, where
E,={nell :ju(n)|> &}
Then U is bounded if W, :1(p,q) —1(p,q) is bounded.

Proof. Suppose W, ; :1(p,q) —1(p,q) is bounded. In case U is not bounded, then for each n €[],
E,={mel :Ju(m)|>n}

is an infinite set. Choose a natural number p" in T(E,) and take F, ={p"}. As W,; is bounded on

I(p,q) so U and T are finitely related. Being p" € T(J){n:u(n) =0}, we find that T(F,) is a

non-empty finite set. Now define @ =<a (M) >, where

L ifmeF;
ag (m) = .
" 0, otherwise.
Then [[&g ||, =1. Simple computation shows that

HWu,T(aFn)||(p,q)2|u(pn)| > n=nja
Thus, for each N €[] we canfind f el(p,q) satisfying
HW f H(p,q)ZﬂH fn H(p,q) :

uT 'n

Fa H(D,Q) ’

This contradicts the boundedness of W, ; , hence U must be bounded.
Example 2.12. Let K €[] . Define T :[] —[] as

T(n):{L if n<k;

n, ifn>k

and U=<u(n) >, as

{0, if n=1;
u(n) = .
1L ifn=1
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Then for each £>0,
E, ={nel :Ju(n) > &}
¢, ife>1
:{L if £<1
so that T(E,) c E, for each £>0. Here U&T are K -related, U is bounded so that W, ; is a bounded

operator although T is not injective.

3. Closed Range

In this section we characterize the weighted composition operators on |(p,q) having closed range and
Fredholm weighted composition operatorson 1(p,(),1< p<o0,1<q< .,

Theorem 3.1. Let u=<u(n)>, and T:[J —[ are M -related for some M >0. Then

W, €B(I(p,q)), 1<p<oo, 1<g<oo hasclosed range if and only if there existsa & >0 such that
lu(n)|>o

forall neS=T(J)n{n:u(n) =0}

Proof. Let U=<u(n)>, and T :[J —[] are M -related for some M >0 with W, € B(I(p,q)). Let
there exists a & >0 such that [u(n)|> S forall neS. Let % =< f%(n)> el(p,q) be such that
WU’Tf(k) — f as k — oo, where f =< f(n)> el(p,q).Then
W, 7 £ —W, f™ ] ,—0as nm—o
Foreach k €[] , put g% =< g™ (n) > where
g(k)(n):{f(k)(n), ifnes;
0, otherwise.
Then |g® ()| < [ (M), ¥V n and we find that g“ el(p,q) for each kell . Also
Wu’Tg(k) = W,; ) asforeach nell,
(WoT -g® o T)(n) = {u(T(n)) o). if Tmes;
0, otherwise.
= (UoT-f®oT)(n).
Moreover | (™ —g™)(k)| < [(f™ —f™)(k)| forall k e[l . Hence
|| g(n) _g(m) ||(p,q) < || f(n) - f(m) ||(p,q) .

Now we claim that for each K €[]

5(g(n) - g(m))Zk) < u,T (g(n) - g(m) ))zk)'

Foreach k € S say kK =T (s,) for some S, €] , we have
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SIEO =1 = 51(F7=1)T(s)]
Wy (F7 = F)Gs,)].

This gives forall k e[l ,
89" -9y < W (f(“)—f(m»z‘k)

= (W ( ))(k)

Therefore for 1< p<oo,1<q<o,ie.for 1<g<p<oo orl<p<g<oo,

g™ -g™ |ty = Z (9™ = g™ ) kP
z*(ONuT<g< ~gMY )k

= LW g

1
= ENNU,T f (n)_WU,T f(m)H?p,q)

— 0 as nm—ow
and also for q=0,l< p< o0,

19 =9 || 0= > K*® (@™ -9™))

IA

1 n m
EHWU,Tg( )_Wu,Tg( ) ||(p,q)

1
= g”\Nu,T f(ﬂ)_Wu’T f(m)H(p,q)

— 0 as nm—oo.
As 1(p,q), 1<p<oo, 1<q<oo iscomplete and < g™ > isa Cauchy sequence in I(p,q) so we
find g €1(p,q) suchthat g™ — g as N — o, and hence
(m _ (m
W% = W.9" > W9 as n—>w
Thus f :Wu’Tg so that W, ; has closed range.
Conversely, if W, 1 has closed range then for some & >0
W, f lipy2 €1l f lp.a)
forall f el (S),where
«(8)={a=<a(n)> el(p,q):a(n)=0vnell, S}

Incase S = ¢, then nothing to prove. Suppose S # ¢ . Consider the case 1< ( < p < oo . We claim that
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£
u(m) 2
forall meS. If possible

£

um) <

forsome me S, then e, €l (S) and

Wy 180 < Jum)* M <&,

I
(p.a)
which is a contradiction. Hence

&£
lu(m)| > IVEG forall meS.
For 1< p<g<wo, Or =o,1< p<oo, we find that

forall meS.

jum| = =5

Hence in any case we can finda & >0 suchthat [u(n)|>d forall neS=T({)~{n:u(n)=0}.

Theorem 3.2. Suppose U=<u(n)>  and T:[J —[] are M -related for some M >0. Then
W, € B(I(p,q)),1< p<o0,1< (<o is Fredholm if and only if
@): [0, S isafinite set.
(i): E={nell : 4T *({n}) > 2} is a finite set.
(iii): there exists £ >0 suchthat [u(n)| >&VneS.
Proof. Suppose W, € B(I(p,q)) is Fredholm. As KerW, . =1 (1), S), where
., S)={a=<a(n)> el(p,q):a(n)=0VneS},
so [l , S isa finite set.
Also, if the set E ={n e : uT *({n}) > 2} is an infinite set then for each K € E, let n,,m, €[] are
such that T(n,) =T(m,),n, =m,.
For each k € E, define f, =< f, (m) > where
1 if m=n,;
f((m=<-L ifm=m;
0, ifm=n,m,.
Then f. e I(p,q), RW,;). Moreover {f :keE} is linearly independent hence

I(p,q), R(W,;) isinfinite dimensional, which is a contradiction. Therefore E is a finite set. Condition (iii)

is obvious in view of the Theorem 3.1. Converse is easy to prove.

Acknowledgement

The authors are thankful to the referees for their valuable suggestions and critical comments which led to a lot of
improvement over the original version of the paper.



Weighted Composition Operators on Lorentz - Sequence Spaces 19

References

[1] M. B. Abrahamese, Multiplication operators, Lecture notes in Math., 693, Springer Verlag, 17-36 (1978).

[2] G. D. Allen, Duals of Lorentz spaces, Pacific J. Math. 77 (1978), 287-291.

[3] S. C. Arora, Gopal Datt and Satish Verma, Multiplication operators on Lorentz spaces, Indian Journal of
Mathematics, Vol. 48, No. 3, 2006, 317-329.

[4] C. Bennett and R. Sharpley, Interpolation of operators, Pure and applied math. Vol. 129, Academic Press
Inc., New york, 1988.

[5] Y. Cui, H. Hudzik, Romesh Kumar and L. Maligranda, Composition operators in Orlicz spaces, J. Austral.
Math. Soc. 76 (2004), No. 2, 189-206.

[6] H. Hudzik, A. Kaminska and M. Mastylo, On the dual of Orlicz-Lorentz space, Proc. Amer. Math. Soc. Vol.
130, No. 6 (2003), 1645-1654.

[71R. A. Hunt, On L(p,q) spaces, L’Enseignment Math., (2) Vol. 12, 1966, 249-276.

[8] A. Kaminska and Y. Raynaud, Isomophic Ip — subspaces in Orlicz-Lorentz sequence spaces, Proc. Amer.

Math. Soc. Vol. 134, No. 8 (2006), 2317-2327.

[9] G. G. Lorentz, Some new function spaces, Ann. Math. Vol. 51 (1), 1950, 37-55.

[10] S. J. Montgomery-Smith, Orlicz-Lorentz spaces, Proceedings of the Orlicz Memorial Conference, Oxford,
Mississippi (1991).

[11] R. K. Singh and A. Kumar, Multiplication and composition operators with closed ranges, Bull. Aust. Math.
Soc. 16 (1977), 247-252.

[12] R. K. Singh and J. S. Manhas, Composition operators on Function spaces, North Holland Math. Stud., 179,
Elsevier Science Publications Amsterdem, New York, 1993.

[13] Elias M. Stein and Guido Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Math.
Series Vol. 32, Princeton Univ. Press, Princeton N.J., 1971.

[14] H. Takagi, Fredholm weighted composition operators, Integral Equations and Operator Theory, No. 16
(1993), 267-276.



20 S.C. Aroraetal.

g Inta Slekiab o ) 1S S35

Lo il 9 (15 Jugr yg)i L
Ldf ¢ JJJ ¢ A.")[:‘«,Z’[‘Jjj//w.;
(ARRREIARCISESUNIRT SRPVATAL S IPERIRE)

S Balme leliab e 3 lyilly b 2 uly 5atolly a1 e S il Loy ol pi i wiemudl o sls
1(p,q) , 1<p<w



