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Abstract. This investigation is devoted to the construction of a robot trajectory using a ruled surface. 

Transition relations among surface trihedron, tool trihedron, generator trihedron, natural trihedron and 
also Darboux vectors for each trihedron are given. Then, the curvature theory of ruled surface under 

investigation is applied to determine the differential properties of a robot end effector motion. This 

information is then used to characterize the linear motion of the tool center point and the angular motion 
of the tool frame of the robot end effector for the trajectory planning. The differential motion properties 

of the tool frame and the TCP point, based on the curvature theory of a ruled surface, using the 

relationships between the four frames of reference are studied.  
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1. Introduction 

Here, we present the relation between ruled surface and robot trajectory [5-8]. 

The motion of robot end-effector is referred to as the robot trajectory. A robot 

trajectory consists of: 

(i) A sequence of positions, velocities, accelerations of a fixed point in the 

end-effector. 

(ii) A sequence of orientations, angular velocities and accelerations of the 

end-effector. 

The fixed point in the end-effector will be referred to as the tool center point 

and is denoted by TCP. The orientation of the end-effector is best described by a 

coordinate frame attached to the end-effector, referred to as the tool frame. 

The location and orientation of the robot end-effector are completely 

described using the tool frame and the tool center point (TCP). The tool frame 

consists of three unit vectors; namely, the orientation vector O , the approach vector 

A  and the normal vector N . The tool center point is chosen to be the origin of the 

tool frame. 

The robot trajectory may be represented using a ruled surface. Each of the 

three unit vectors of the tool frame generates a ruled surface while the three ruled 

surfaces share a common direcrix traced (trajectory) by the TCP. It is not necessary 

to use all three ruled surfaces to represent a robot trajectory; in fact, one ruled 

surface will suffice. As shown in Figure 2 ,the ruled surface generated by the 

approach vector A  is chosen here to represent the trajectory. We may note, 

however, that the orientation of other vectors, O  and N  , are not specified yet. 

Theoretically, this is because a robot end-effector motion, in general, has six degrees 

of freedom in space while a ruled surface provides only five independent 

parameters. Therefore, a robot trajectory may be completely described by adding 

one parameter to specify the orientation of the two vectors. The additional parameter 

is referred to, in this study, as the spin angle and is denoted by  . The spin angle is 

measured from the surface normal vector nS  of the ruled surface to the normal 

vector N . The ruled surface and the spin angle, which completely describes a robot 

trajectory, respectively, are  

)(=),()(=),( ssvRsvsX  +                              (1.1) 

where   is the directrix, v  is a real-value parameter, and R  is the 

ruling(see figure 1) [1-4]. 
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Figure (1). The ruled surface X 

 

We choose the approach vector A  , to be the ruling. Any one of the three 

vectors in the tool frame could be chosen as the ruling and the spin angle describes 

the orientation of the other two vectors in cyclic order. 

Each vector of tool frame in the end-effector defines its own ruled surface 

while robot moves. The path of tool center point is the directrix and A  is the ruling. 

As )(s  is a curve and )(sR  is straight line, let us consider the ruled surface 

(1.1). 

The normalized parameter s  may be based on the directrix   or on the 

ruling R  as in the following respectively  
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 Through out this paper we use the normalized parameter as in (1.3) [16-19].  

 

2. Reference Frames 

In what follows, we construct the differential formulas of the following frames: 

(i)The tool frame ),,( NAO  
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(ii)The surface frame ),,( bn SSA  

(iii)The generator trihedron ),,( *

cttr  

(iv)The natural trihedron ),,( *** bnt . 

These frames are essential in the study of the motion of the end-effector. 

Therefore we present the construction of these frames in a brief account [9-14].  

2.1  Surface frame  

 To determined the orientation of the tool frame relative to the ruled surface 

),(= svXX , we define a surface frame at the TCP as shown in Figure 2.  

 

 
Figure 2. The orientation of the robot end-effector through the surface X. 

 

The surface frame is defined by three orthogonal unit vectors, the approach 

vector A  , the surface normal vector nS , and their binormal vector bS . The 

surface normal vector is determined using the definition of the normal vector field to 

the ruled surface X  as the following  

 
||

=
sv
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n

XX
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


                                        (2.1) 

 Thus, the surface binormal vector is given as  

 ASS nb =                                            (2.2) 

where 
v

X
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2.2  Frenet frame 

The Frenet frame along the directrix   is defined by three orthogonal unit 

vectors, namely; the tangent vector t , the normal vector n  and the binormal vector 

b  as the following  

 
ds

d
'ntb

k

t
nt =,=,

'
=,'=                                 (2.3) 

where |'=| tk  is the curvature of the directrix )(= s  (natural 

parametrization).  

 

2.3  Generator trihedron  

Generator trihedron moves along the striction curve and is used to study the 

positional and angular variation of ruled surface X . The generator trihedron is 

defined by three orthogonal unit vector, namely; the generator vector r , the central 

normal vector 
*t  and the central tangent vector k . Since the ruling is not 

necessarily a unit vector, the generator vector is defined as  

 
||

=
R

R
r                                                (2.4) 

Without loos of generality, we take R  as a unite vector and the central 

normal vector 
*t  is defined as  

 Rt =*
                                               (2.5) 

The central tangent vector is given as  

 
*= trt c                                               (2.6) 

The striction curve )(= s  of the ruled surface (1.1) is defined as [2-4]  

)()()(=)( sRsss  −                                    (2.7) 
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where   is a real valued parameter. The distance from the striction curve to 

the directrix   along the ruling is R  where constRR |==| . Thus, from the 

definition of the striction curve 0)=,(  R  we have  

1.|=|,,= RR  
                                    (2.8) 

Differentiating Equation (2.7) gives first order positional variation of the 

striction point '  of the ruled surface (1.1) which can be expressed in the generator 

trihedron as in the following ,  

ctr +='
                                          (2.9) 

 where  

],,[
1

=,,'
1

= RR
R

RR
R

−                         (2.10) 

From the motion of the generator trihedron and the striction curve one can 

obtain the differential motion of the end-effector in a simple and systematic manner. 

The first-order angular variation of the generator trihedron can be determined in the 

following matrix equation  
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where the invariant  

],,[=)(,= RRRRRR  
                           (2.12) 

is called the geodesic curvature of the ruled surface X . 

Using the relation between the vector product and the product of matrices, 

one can obtain  

cr t
R

r
R

U
1

= +


                                        (2.13) 

which is called the Darboux vector of (axis of rotation) the generator 

trihedron.  
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2.4  Darboux frame for the ruled surface X  

The Darboux frame for a curve ))(,( svsX  on the ruled surface X  is 

defined by three orthogonal unit vectors, namely; the tangent vector T  of the curve, 

the normal vector NS  on the surface X  and the geodesic vector gn  such that  
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 where 
22)||(= +− Rv  and )(= svv .  

 

2.5  Central normal surface and the natural trihedron 

The natural trihedron is used to study the angular and positional variation of 

the central normal surface. As the generator trihedron moves along the striction 

curve )(= s , the central normal vector generates another ruled surface called 

the central normal surface and is denoted by TX . The central normal surface, is 

defined as  

)()(=),( * stvsvsX T +
                                 (2.17) 

where )(= s  is the position vector of the striction curve of the original 

ruled surface X , and v  is a real parameter (see figure 3).  
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Figure (3). The central normal surface XT 

 

The location of the striction curve of the central normal surface TX  relative 

to the striction curve )(= s  of the ruled surface X  is given by  

)()(=)( * stss TT
 −

                                (2.18) 
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 From equation (2.9) and (2.11) we have  
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The natural trihedron is defined by three orthogonal unit vectors, namely; the 

central normal vector 
*t , the principal normal vector 

*n  and the binormal vector 

*b  as shown in figure 4 such that  

****

*

** =,'
1

=,'= ntbtnRt 
                              (2.21) 



  Geometric Visualization of a Robot End-Effector … 105 

 

 where |'=| ** t .  

 
Figure (4). The central mormal surface XT and its reference: fames. 

 

The Frenet frame for the curve )(= s  on the Central normal surface TX  is 

defined through the tangent vector 
Tt , the normal vector 

Tn  and the binormal 

vector Tb  where  
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2.6  Darboux frame for the central normal surface TX  

The Darboux frame for a curve ))(,( svsXT  on the ruled surface TX  is 

defined by three orthogonal unit vectors, namely; the tangent vector TT , the normal 

vector NTS  and the geodesic vector gTn  such that  
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Let the rotation angle   between the vectors 
*r  and 

*b , thus we have  
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Equation (2.24) can be written in the matrix form as  
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The inverse of the linear transformation (2.25) is given as  
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From equation (2.11) and (2.26) we obtain  
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From this equality we have  
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Then the geodesic curvature of the ruled surface X  can be written as  
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From equation (2.28) and equation (2.13) we get  
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From equation (2.22) we have  
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Also by equation (2.28), one can obtain the curvature 
*k  of the ruled surface 

X  as in the following  
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The first-order angular variation of natural trihedron may be expressed in the 

matrix form as  
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where tU  is the Darboux vector of the natural trihedron and is given by  

.= **** btU t  +
                                       (2.34) 
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From equation (2.25) and (2.28) we have  
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From equation (2.20),(2.29) and (2.31) one can see that the first order positional 

variation of the striction curve T  of central normal surface TX  is given as  
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The curvature 
*k  and the torsion 

*  of the ruled surface X  are given 

respectively as  
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Observe that the Darboux vector rU  of the generator trihedron and the 

Darboux vector tU  of the natural trihedron, describe the angular motion of the ruled 

surface X  and the central normal surface TX , respectively. Therefor, the Darboux 

vector may be considered as the angular velocity where as the positional variation 

'T  of the striction curve may be considered as the linear velocity. 
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The curvature 
Tk , geodesic curvature 

T  and the torsion 
T  of the central 

normal surface 
TX  are given respectively from  
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Remark 2.1 The functions, 
T  and 

T  and 
*  and 

* , play the same role as the 

curvature function of the central normal surface TX .  

 

3. Relationship between the Frames of Reference 

Here, we give the orientation of the surface frame relative to the tool frame and the 

generator trihedron. For this purpose, let   be the angle between the vectors bS  

and O , i.e.,  
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These relations can be summarized in the non singular linear transformation  
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Similarly, let   be the angle between the vectors bS  and 
ct  thus we have  
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From the equations (3.4) and (3.2) we get  
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where  += . 

The inverse of this linear transformation is given as  









































−





















N

O

A

cossin

sincos

t

t

r

c 



0

0

001

=

*

                             (3.6) 

 where  , referred as spin angle, describes the orientation of the end-effector. 

Substituting the partial derivatives of Equation (2.1) into (2.4) we have  
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 From the equations (3.4),(3.7) and (3.8) we get  
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4. Differential Properties of the Robot End Effector Motion [15-20] 

The motion of the robot end effector is described by the angular motion of the tool 

frame and the linear motion of the TCP. In this section, the differential motion 

properties of the tool frame and TCP of first and second order , i.e.,   and    are 

studied. 

Since the directrix   is the locus of the TCP and from equation (2.9) we obtain  

.'=)(' tRs  ++
                                     (4.1) 

Using Eq(2.10) we get  

.)(=)(' *
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                              (4.2) 

 From Eq(3.6) we have  
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     (4.3) 

 The first order angular variation of the tool frame is determined from Eq(3.5) as in 

the following  
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where 
R


 + = . From Eq(3.6) we have  
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The 1 st  order angular variation of the tool frame (4.5) can be written as  
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where  

)cossin(
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R
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 is reffered to as the Darboux vector of the tool frame. 

From Eq(3.5) we get  
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 Differentiate Eq(4.2) we get  
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 From Eq(3.6), the nd2  derivative    can be expressed interms of the tool frame 

as the following  
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 From Eq(4.8) we obtain  
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It is well-known that the robot trajectory planning is based on time-dependent 

properties, e.g., velocity , acceleration, angular velocity, and angular acceleration, of 

robot end effector motion. Therefor the time-dependent motion properties of the end 

effector can be determined by applying the chain role to the differential motion 

properties determined in (4.2). 

The velocity V  and acceleration a  of TCP, and angular velocity w  and 

acceleration   of the end effector are determined, respectively as  
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 where 
dt

d
=.  (differentiation with respect to time).  

 

5. Application 

Consider the ruled surface  
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From Eq(2.9), (2.11), (2.13), (2.39) and (2.40) it is easy to see the invariants 

of the end-effectors are given as the following  

 

0.=,
2

1
=0,=0,=2,=

1=0,=1,=

0=0,=
2

1
=,

2

1
=

**

TTTTT

T

k 
−




−









                       (5.3) 

  

Remark 5.1 The invariants of the robot end effectors under consideration are 

constants. 

 

The natural trihedron is given in the following form  
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 The central normal surface TX  is given as  
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 From the definition of the striction curve )(sT  of the central normal surface 

)(sXT  it is easy to see that )
2

(0,0,=)(
s

sT  is a straight line in the directrix 

of 
*

b  and ct . 

The Darboux vector of the generator trihedron is  

 

vectorconstantU r ),
2

1
(0,0,=

−

                          (5.6) 

The Darboux vector of natural trihedron is  

 

vectorconstantU t ),
22

1
(0,0,=

−

                         (5.7) 



  Geometric Visualization of a Robot End-Effector … 115 

 

 From Eq(3.19) and (5.3) we have 0=..0,=tan  ei  and 0=  . 

Since the spin angle   between the tool frame and the surface normal zero, i.e., 

0=,=,=0,=0= →  , then  
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The first and second order positional variation of the TCP can be expressed 

in the tool frame as  
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The Darboux vector oU  of the tool frame is a constant vector given as  
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The linear velocity and acceleration are given as  
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 The angular velocity w  and acceleration   of the end effector are given by  

 

Ns
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
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                                            (5.15) 

emark 5.2 The Darboux vectors of the three frames attached to the robot end 

effector are constants and parallel to N . 

  

Conclusion 

From the curvature theory of ruled surface, one can see that the motion of the 

robot end-effector can be represented by the union of ruled surface X  and its 

associated central normal surface TX  (figure 5). The configuration space consists 

of 
TXX   and the different frames with the orientation of the motion through the 

Darboux frames especially 0U . The frame on configuration space is given in figure 

6. The analytical representation is given through the frames ),,( *

cttr , ),,( *** bnt

, ),,( NOA , ),,( 0UUU tr
 and the spin angle attached to the ruled surfaces X  

and TX . From (5.15) it follows that the angular motion parallel to the constant 

Darboux vector NU =0
.  

 
Figure (5). The configuration space X U XT of the robot end effector motion. 
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Figure (6). The different frames in the configuaration space X U XT of the motion. 
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 رؤية هندسية لحركة النهايات الطرفية للإنسان الألي باستخدام نظرية الإنحناءات
  

 أيمن شحاتة -طه العدوي 
المملكة العربية  -جامعة القصيم  -أقسام الطلاب  –كلية العلوم والآداب بعنيزة -قسم الرياضيات

 السعودية 
 
 

البحث يهدف إلى بناء مسار لحركة الإنسان الألي باستخدام سطح مسطر.    ملخص البحث.

وباستخدام مفاهيم الهندسة أمكن وصف الحركة من خلال العلاقات المتبادلة بين الإطارات 
المتحركة وكذلك وصف الدوران من خلال متجه داربو لكل إطار. وباستخدام هذه  

والحركة الزاوية متمثلة في السرعة  المعلومات أمكن الحصول على الحركة الخطية 
والتسارع الخطي والزاوي. الإطارات الاربع وفراغ الحركة أمكن الحصول عليها ورسمها 

  باستخدام البرامج المساعدة في الهندسة والحاسب.
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