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Abstract. By applying series reversion method a formula for inverse cubic spline interpolation is derived 

and illustrated and the computer programme for inverse cubic spline interpolation is also given. 
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1. Introduction 

A Spline function is a function consisting of polynomial bits joined together with 

certain smoothness conditions. Cubic Spline consisting of third degree polynomial 

bits is most frequently used where the cubic polynomials are joined together in such 

a way that the resulting spline function has two continuous derivatives everywhere. 

Cubic Spline functions are most popularly used because they are smooth functions 

without having the usual oscillatory behaviour characteristic of higher degree 

polynomial interpolation. [2],[3] 
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Given a set of data points ( )ii ya , , i = 1,2,…,n 

satisfied by a function )(xfy =  a cubic interpolation means fitting a unique series 

of cubic polynomials  between each of the data points. Consider an interval I  = 

 ba,  composed of n sub intervals  iii aaI ,1−= ,  i =2,3,…….,n with 

baaaa n =−−−= 21 . A spline S(x) [1] ,[4] of degree m on the interval 

I  is a polynomial having continuous derivatives up to order m-1 and coinciding 

with )(xfy =  on each subinterval  iii aaI ,1−=  , i = 2,3,…….,n such that 

The end conditions for natural cubic spline are ( ) ( ) 0"" == bSaS  and 

( ) ( )afaS '' = , ( ) ( )bfbS '' = .  

Since ( )xS "
 is piecewise linear and continuous 
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where sM i

'
are constants and 1−−= iii aah  , i = 2,3,……….,n 

 The natural cubic spline for  ii aax ,1− is 
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 i = 2,3,……….,n and the  sM i
'

are obtained by 

                                iiiiii dMMM =++ +− 11 2  , i = 2,3,……,n-1 
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Using reversion of series method [5] discussed below a formula for  inverse cubic 

spline interpolation  is derived in section 3. 

 

2. Reversion of Series Method  

Consider a cubic polynomial 
3
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Let 0ayY −=  

So 
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21)1.2( xaxaxaY ++=     (2.2) 

Let the inverted series of (2.2) be 
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21 YAYAYAx ++=    (2.3) 

Substituting (2.2) into (2.3) and simplifying we get  
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 3. Inverse Cubic Spline: 

The cubic spline equation is  
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Where i = 2, 3,……., n 

 1−−= iii aah   , i = 2, 3, 4, …… , n 

The sM i

'
 are determined by iiiiii dMMM =++ +− 11 2  , i = 2, 3,…….,n-1 
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Where 
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 i = 2, 3,…….,n-1  (3.2) 

 

  Let ii Xxa =−  

iii Xhax −=− −1 ,  i = 2, 3, ….., n 
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Let ( ) 32

1 iiiiiiii XrXqXpyxS +++=−       , i = 2, 3,………,n  (3.3) 

Where =ip ( ) 
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Applying (2.4) the inverse formula is 
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But we have ii Xxa =−  

                  So  ii Xax −=  
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Thus  iii XayS −=
−

− )(
1

1    where  ii yyy ,1− , i = 2,3,…,n 

The inverse cubic spline interpolation formula is iii XaySx −==
−

− )(
1

1  where 

iX  is given by (3.5),  ii yyy ,1−   i = 2,3,……..,n         (3.6) 

 

4. Computer Program & Illustration: 

A computer program has been developed for inverse cubic spline 

interpolation using the above formula and is given in the appendix. 

To illustrate , Consider the data points  ( )ii ya ,  = (1,1) , (2,2) , (3,5) , (4,11)    

      1432 === hhh  

Using (3.2)       12 =      ,    33 =    ,   64 =  

                          5.02 =  ,  5.03 =  

                          5.02 =  ,  5.03 =  

                           62 =d    ,  93 =d  

For natural  spline S(x)  041 == MM  

Using (3.1)   22 =M                43 =M  

Using (3.4)     

667.6

667.4

667.1

4

3

2

−=

−=

−=

p

p

p

         

0

2

1

4

3

2

=

=

=

q

q

q

            

667.0

333.0

333.0

4

3

2

=

−=

−=

r

r

r

 

Using  (3.5) and (3.6)  the inverse cubic spline is 
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Using the computer program ( )5.11−S  is evaluated and the output is recorded as 

given below 

 

 

5. Graphical Representation: 

The graph of the curve xxf log)( =  in  3819.7,1  and its inverse cubic spline 

1S  in  6487.1,1 , 2S in  7183.2,6487.1  , 3S in  4817.4,7183.2  and 4S in 

 3819.7,4817.4  is given below 
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6. Conclusion: 

The above graph shows that the inverse cubic splines 
4321 ,,, SSSS of 

xxf log)( =  derived by (3.6) almost coincides with the actual curve f . Hence the 

formula (3.6) for inverse cubic spline interpolation gives a fairly accurate value for 

the argument corresponding to a given entry. 

 

Appendix : 

#include <iostream> 

#include <vector> 

#include <algorithm> 

#include <cassert> 

#include <math.h> 

#include <fstream> 

#include <iterator> 

#include <sstream> 

#include <stdlib.h> 

using namespace std; 

class InverseSpline { 

public: 

 double calculateInverseSpline(std::vector<double> X, 

std::vector<double> Y, 

   double y, int n) { 

  double inverseSpline = 0.0; 

  int interval = findInterval(Y, y); 

  if (interval > 1 && interval <= n) { 

   double hValue = calculateHValue(X, interval); 

   double betaValue = calculateBetaValue(Y, interval); 

 

   double** mValues = calculateMValues(Y, X, n); 

 

   double alphaValue = calculateAlphaValue(mValues, 

interval, hValue, 

     n); 

   double ri_Value = calculateRiValue(alphaValue, 

hValue); 

   double qi_Value = calculateQiValue(mValues, 

interval); 

   double pi_Value = calculatePiValue(mValues, 

betaValue, hValue, 

     interval); 
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   double variable1 = (1 / pi_Value)*(y- Y[interval]); 

   double variable2 = (pow((y - 

Y[interval]),2))*(qi_Value/(pow(pi_Value,3))); 

 

   double variable3 = (((2* pow(qi_Value,2)) - 

(pi_Value*ri_Value))/(pow(pi_Value,5)))*(pow(y- Y[interval],3)); 

   inverseSpline = X[interval] - (variable1 - variable2 + 

variable3); 

 

  } 

  return inverseSpline; 

 } 

private: 

 int findInterval(std::vector<double> Y, double yValue) { 

 

  std::sort(Y.begin(), Y.end()); 

  vector<double>::iterator k; 

  vector<double>::iterator pos; 

 

  k = upper_bound(Y.begin(), Y.end(), yValue); 

  pos = find(Y.begin(), Y.end(), *k); 

  return (pos - Y.begin()) + 1; 

 } 

 

 double calculateHValue(std::vector<double> X, int index) { 

  return X[index] - X[index - 1]; 

 } 

 

 double calculateBetaValue(std::vector<double> Y, int index) { 

  return Y[index - 1] - Y[index]; 

 } 

 

 double calculateSigmaValue(std::vector<double> Y, int index, 

   double hValue) { 

  return ((Y[index] - Y[index - 1]) / hValue); 

 } 

 

 double calculateLamdaValue(std::vector<double> X, int index, int n) { 

  if (index >= 2 && index < n) { 

   double hValue1 = calculateHValue(X, index); 

   double hValue2 = calculateHValue(X, index + 1); 

   return (hValue2 / (hValue1 + hValue2)); 

  } 

  return 0.0; 
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 } 

 

 double calculateMewValue(std::vector<double> X, int index, int n) { 

  if (index >= 2 && index < n) { 

   return (1 - calculateLamdaValue(X, index, n)); 

  } 

  return 0.0; 

 } 

 

 double calculateDValue(std::vector<double> Y, std::vector<double> X, 

   int index, int n) { 

  if (index >= 2 && index < n) { 

   double hValue1 = calculateHValue(X, index + 1); 

   double hValue2 = calculateHValue(X, index); 

   double sigmaIndexValue1 = calculateSigmaValue(Y, 

index + 1, 

     hValue1); 

   double sigmaIndexValue2 = calculateSigmaValue(Y, 

index, hValue2); 

   return (6 * (sigmaIndexValue1 - sigmaIndexValue2) 

     / (hValue1 + hValue2)); 

  } 

  return 0.0; 

 } 

 

 double calculateAlphaValue(double** mValues, int index, double 

hValue, 

   int n) { 

  if (index > 1 && index < n) { 

   return ((mValues[index - 2][0] - mValues[index - 

1][0]) / 6 * hValue); 

  } 

  return 0.0; 

 } 

 

 double calculateRiValue(double alphaValue, double hValue) { 

  return alphaValue / (6 * hValue); 

 } 

 

 double calculateQiValue(double** mValues, int index) { 

  return (mValues[index - 1][0] / 2); 

 } 

 

 double calculatePiValue(double** mValues, double betaValue, double 
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hValue, 

   int index) { 

  return ((betaValue / hValue) 

    - (2 * mValues[index - 1][0] + mValues[index 

- 2][0]) 

      * (hValue / 6)); 

 } 

 

 double** calculateMValues(std::vector<double> Y, std::vector<double> 

X, 

   int n) { 

  double** matrix = createMatrix(Y, X, n); 

  double** inverseMatrix = inverseMatrixFunc(matrix, n); 

  double** dMatrix = new double*[n]; 

  for (int i = 0; i < n; i++) { 

   dMatrix[i] = new double[1]; 

   if (i + 1 > 1 && i + 1 < n) { 

    double dValue = calculateDValue(Y, X, i + 1, 

n); 

    dMatrix[i][0] = dValue; 

   } 

  } 

  double** mValues = multiplyMatrix(inverseMatrix, dMatrix, 

n); 

  //mValues[0][0] = mValues[n - 1][0] = 0; 

  for (int i = 0; i < n; i++) { 

   for (int j = 0; j < 1; j++) { 

    if (i == 0 || i == n - 1) { 

     mValues[i][j] = 0; 

    } 

 

   } 

  } 

  return mValues; 

 } 

 

 double** createMatrix(std::vector<double> Y, std::vector<double> X, 

int n) { 

  double** matrix = new double*[n]; 

  for (int i = 0; i < n; i++) { 

   matrix[i] = new double[n]; 

   for (int j = 0; j < n; j++) { 

    if (i == j) { 

     matrix[i][j] = 2; 
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    } else if (j == i + 1) { 

     matrix[i][j] = 

calculateLamdaValue(X, j, n); 

    } else if (j == i - 1) { 

     matrix[i][j] = calculateMewValue(X, 

i + 1, n); 

    } else { 

     matrix[i][j] = 0; 

    } 

   } 

 

  } 

  return matrix; 

 

 } 

 

 double** inverseMatrixFunc(double** matrix, int n) { 

  double** inverseMatrix = new double*[n]; 

  double Det = Determinant(matrix, n); 

  double** b = coFactor(matrix, n); 

  double** d = Transpose(b, n); 

  if (Det == 0.0) { 

   cout << "Inverse does not exist (Determinant=0).\n" 

<< endl; 

  } else { 

   for (int i = 0; i < n; i++) { 

    inverseMatrix[i] = new double[n]; 

    for (int j = 0; j < n; j++) { 

     inverseMatrix[i][j] = d[i][j] / Det; 

    } 

   } 

  } 

 

  return inverseMatrix; 

 } 

 double Determinant(double **matrix, int n) { 

  int i, j, j1, j2; 

  double det = 0.0; 

  double** m = new double*[n]; 

  if (n < 1) {  //Error 

 

  } else if (n == 1) {  //Shouldn't get used 

   det = matrix[0][0]; 

  } else if (n == 2) { 
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   det = matrix[0][0] * matrix[1][1] - matrix[1][0] * 

matrix[0][1]; 

  } else { 

   det = 0; 

   for (j1 = 0; j1 < n; j1++) { 

    m = new double*[n]; 

    for (i = 0; i < n - 1; i++) 

     m[i] = new double[n - 1]; 

    for (i = 1; i < n; i++) { 

 

     j2 = 0; 

     for (j = 0; j < n; j++) { 

      if (j == j1) 

       continue; 

      m[i - 1][j2] = matrix[i][j]; 

      j2++; 

     } 

    } 

    det += pow(-1.0, j1 + 2.0) 

      * (matrix[0][j1] * 

Determinant(m, n - 1)); 

 

    for (i = 0; i < n - 1; i++) 

     delete m[i]; 

    delete m; 

   } 

  } 

 

  return (det); 

 } 

 

 /* 

  Find the cofactor matrix of a square matrix 

  */ 

 double** coFactor(double **matrix, int n) { 

  int i, j, ii, jj, i1, j1; 

  double det1 = 0.0; 

  double** c = new double*[n]; 

  double** b = new double*[n]; 

  for (int i = 0; i < n; i++) { 

   b[i] = new double[n]; 

  } 

  c = (double **) malloc((n - 1) * sizeof(double *)); 

  for (i = 0; i < n - 1; i++) 
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   c[i] = (double*) malloc((n - 1) * sizeof(double)); 

 

  for (j = 0; j < n; j++) { 

 

   for (i = 0; i < n; i++) { 

 

    //  Form the adjoint a_ij 

    i1 = 0; 

    for (ii = 0; ii < n; ii++) { 

     if (ii == i) 

      continue; 

     j1 = 0; 

     for (jj = 0; jj < n; jj++) { 

      if (jj == j) 

       continue; 

      c[i1][j1] = matrix[ii][jj]; 

      j1++; 

     } 

     i1++; 

    } 

 

    //Calculate the determinate 

    det1 = Determinant(c, n - 1); 

    //Fill in the elements of the cofactor 

    b[i][j] = pow(-1, i + j + 2) * det1; 

 

   } 

  } 

  for (int i = 0; i < n - 1; i++) 

   free(c[i]); 

  free(c); 

 

  return b; 

 } 

 

 /* 

  Transpose of a square matrix, do it in place 

  */ 

 double** Transpose(double **b, int n) { 

  int i, j; 

  double** d = new double*[n]; 

  for (int i = 0; i < n; i++) { 

   d[i] = new double[n]; 

  } 
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  for (i = 0; i < n; i++) { 

   for (j = 0; j < n; j++) { 

    d[j][i] = b[i][j]; 

 

   } 

 

  } 

 

  return d; 

 } 

 

 double** multiplyMatrix(double** matrix1, double** matrix2, int n) { 

  double** mValues = new double*[n]; 

  for (int i = 0; i < n; i++) 

   for (int j = 0; j < 1; j++) 

    for (int k = 0; k < 1; ++k) { 

     mValues[i] = new double[1]; 

     mValues[i][j] += matrix1[i][k] * 

matrix2[k][j]; 

    } 

  return mValues; 

 } 

}; 

 

int main() { 

 double y; 

 int n; 

 cout << "Enter the number of tabular values : " ; 

 cin >> n; 

 std::vector<double> X(n), Y(n); 

 

 for (int i = 0; i < n; i++) { 

  cout << "Enter a" << i + 1 << ":" ; 

  cin >> X[i]; 

 

 } 

 for (int j = 0; j < n; j++) { 

  cout << "Enter y" << j + 1 << ":" ; 

  cin >> Y[j]; 

 

 } 

 cout << "Enter the y value: " ; 

 cin >> y; 
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 InverseSpline s; 

 

 double output = s.calculateInverseSpline(X, Y, y, n); 

 cout << "Using Inverse Spline method, x Value is " << output << endl; 

 

 return 0; 

} 
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