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Abstract. Our work is concerned to Galerkin projection method for numerical solution of partial
differential equations (PDEs). In particular those which include polynomial basis function and finite
element basis. Polynomial basis function should be avoided and the reason behind that is presented. Also,
we will see that Galerkin method plays an important role on integrals of functions that can easy be
evaluated on the domain. In addition, Galerkin method presents high-order approximation. Smart
problems are presented for clarification and signification on their properties, and proof of some tricky
inequalities.
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1. Introduction

We introduce the Galerkin method through the classic model diffusion problem in D
space dimensions,

—d*u
Tz = fx), 0<x<1, u(0)=u(l)=0. (1)

We start the interest for purposes of introduction when the dimension is one.
We denote u to the exact solution of (1) and @ to its numerical solution. This is
known as a two points boundary value problem (BVP)[1,2,3]. For example, this is a
model of heat diffusion in a rod of length 1, where the end and fixed are at
temperature 0, and we heat the rod with a driving term f(x).

A domain is a bounded open set, which identifies the physical setting of the
problem. In this case

I=01)={x0<x<1}

In this work, we are interested to the one dimensional problem, hence our
domain will be an open interval 1 =(a,b) € R. Also, I is closure of I. So if I = (a,b),
then the closure I= [a,b] and boundary oI = {a,b}.

Consider L2(I) as the space of measurable functions on open interval I, with
inner product {f,g) = folf(x)g(x)dx. Hence, |If]l = (folf(x)zdx)l/2 < oo, We
work in the space L2(I) as a related space rather than set of continuous functions.

Consider the well-known space L2(I = (0,1)) of square integrable functions
on I, it is precisely defined and based on Lebesgue integration theory. Also, L2(I) is

a Hilbert space with norm ||f|| = /{f, f), ¥ f € L>(I) and inner product {f, g) =
folf(x)g(x)dx. It is remarkable that ||f]| < o, V f, that comes directly from the

definition of the space, where folf(x)zdx < o,

We need to assign a meaning to the derivative If of an f € L?(D) even
though f which may not have a derivative in the traditional sense. Consider ¢ €
CZ(I) is set of infinitely differentiable functions in I with support of ¢ and denoted
by supp(p) < I where

supp(p) = {x el:px) # 0}.

We say v is the weak derivative of u € L2(I) if

[v@emar =~ [uwgear  voecen @
D D
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We write v = Du “generalized derivative of u”. Similarly, we can define
D%*u as a function v that obeys

[ v@e@ax =17 [uwe@war e ecen
D D

Note that, if u(x) is differentiable almost everywhere (roughly, except at a
finite number of points), it is not true that u has a generalized derivative as function
f:Df - R.

Model diffusion problem
We look at ways to reformulating 1. There are two important methods.
(V) Find u € H3(I) such that

f DuD@dx =f f@ex)dx Yo € H3 (D)
0 0

V stands for variation.
(M) Let F: H3 (1) » R be

F(u) =3 f (Du)%dx— f f)u(x)dx,
0 0

then find minimum for F over u € H(I) [12,11].

We will now state three important theorems that study in the reformulations
of the model diffusion problem.

Theorem 1. Consider u € €%(0,1) such that
—Upy =f(x), 0<x<1, u(0)=u(l)=0.
Then, u solves (V). Find u € H(I) with I =(0,1) such that

fo 'y = fo e

for all test functions ¢ € H}(D)[4].

Theorem 2. A solution u of (V) is equivalent to a solution u of (M) with [
=(0,1) [4].

In order to see the existence and uniqueness of solution (V), we develop the
Riesz representation. Firstly, we define a linear function on a Hilbert space H such
that I: H - R where

l(ax + By) = yl(x) + BL(y),
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for x,y € H and a, § € R. Secondly, a linear function [ on H is bounded if,
for some k > 0,1(x) < k||x]|| for any x € H. Equivalently, I(x) < k for any x € H
with ||x|| = 1.

Theorem 3. (Riesz Representation) Let H be a Hilbert space. Every bounded
linear function [ on H can be written as

1(x) = (x,y),
for some y € H. Furthermore, y is unique [6,10].

2. Theory
We drive a large class of numerical method for
—Uy, = f(x), u(0) =u(l) =0, 3)

called the Galerkin method. Recall the weak form and consider f € L2(0,1)
and V = H}(0,1) find u € V such that

a(u, @) = (),
where a(u,v) = f01 u, v dx and I(@) = folf pdxforallgeV.

The idea is to introduce a finite dimensional subspace V, of the infinite
dimensional space V. Let @i be the solution of (3), then find & € V,such that

a(@, ¢) = (o), 4
for all ¢ € V. The i defined the Galerkin approximation [9].

Let V, is equal to span{y,, ¥, ..., ¥, } where 1, are under independent basis
function in V. For example, let ¥, (x) = x/(1 —x) for j = 1,2, .., k. Then y;(x)
are smooth and have boundary conditions, and hence u € V,.can be written as

k

w= > ©)

j=1
for some a € R. We seek a linear system that defines ;. Thus, we substitute
(5) into (4) and we get

k
a) & 0) =), VeV,

j=1

For the reason a is bilinear, the form becomes
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k
> @ a@;0) = 1)
j=1
Let y; = ¢, then
k
Y aatp) =1, =12k (6
=1

Define a k x k matrix A with entries a;; = a(y;,1;) and a vector b € R¥
with entries b; = [(3;) and unknown x € R¥as
a;
a;
X=1:
ag
Then the equation (6) can be written as Ax = b. In finite element, A is the
stiffness matrix and b is the load vector. Let us look at properties of A [13].
Theorem 4. The stiffness matrix A is symmetric and positive definite.

Proof. a is symmetric

a(u,v) = fo

and hence a;; = aj;. Also, A is positive definite if

1 1

U, Vpdx = f VU, dx = a(v,u)
0

xTAx >0, forx#0.

x"Ax = Z;Z;x;‘auxi
- Zi;l Zf:lxja(lpj'wi)m
= Z;lxja(Zi;xillJpl/’i)
= a(z;xi Vi ,lelep,-)

= a(ii, @)

Thus,

as =Y*,xy;. Recall, ||ull; = a(u,u)'/* that is so-called
norm" and a norm on V. In particular,

energy

lulls =0 ®u=0,

Hence,
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xTAx © a(@, @) =0,
S U=0,
©x=0,

as ; are linearly independent. m
Thus, two consequences,
e A is non-singular and hence Galerkin approximation  is well defined.

¢ Special algorithm (such Cholesky and Conjugate Gradient) are available
to solve.

Consequently, Ax = b is efficiently. Note that, the minimisation from the
diffusion problem (M) also leads to numerical method. Now, we look at key
approximate property of Galerkin method.

Theorem 5. (Best Approximation) If u is solution a(u,y) = l(y), VY €V
and i solves
a(@, i) =1Wi), Yy € V. 7
Then
lu —allg < llu—Yille, Vi € Vi ®

In other words, i is the best way approximating u in V, (has least error in
energy norm) [5].

Proof. As we know that I, ¢ V So, the equation (8) implies
a(u, Pi) = L@Wy),
for any i, € V. Take difference of (7) and (9)
a(u —1i,yY) =0.
Hence, u — i is orthogonal to the space V,, with respect to a(.,.).
Now,
lu -l = a(u — @,u - ),
=a(u—1i,u) —a(u—1,i)
Note that by orthogonal property a(u — i, @) = 0 as @i € V. Further, for any
Y eV, a(u—1,,) = 0. Thus, we can replace last term
lu -l = au—@) — a(u— ),
=alu—1,u—1y)

Now Cauchy-Schwartz inequality says

1
a(u,v) =f U Ve dx < Jlugl- [[vell = llullg- 1016
0
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We have
llu —allz < llu—allg. lle = Prllg.
Divide through to get
lu —allg < llu— Yrlle
forally, € Vy. m
Let us look at best choice of V.
Polynomial Basis

Assume that V,, = span{x’/(x — 1):j = 1,2, ..., k} and note that if u € V,
then u(0) = u(1) = 0, and u € €*(0,1). Hence,

ueHN0)=V={ue L2(0,1):Z—Z € 12(0,1),u(0) = u(1) = 0}

Let us run through an example for clarification. Consider f(x) =1 and k =
2. Then V, = {x(x — 1), x%(x — 1)}. Seek i = a;x(x — 1) + ayx?(x — 1) such
that a(@i, ) = l(y,) for any , €V,. Let us call ¢, =x(x—1) and ¢, =
x?(x — 1), and hence
U=a,0, + a0,
Substituting
a(as + az,02) = (@),
aa(Py, @2) + aa(,9,) = Up,),
Since Y; = ¢, and P, = @,, then
a;a(Py, 1) + aza(@Pipy) = L(@y),
aya(h1, ;) + aza(Pripy) = L(yh,).
This is the linear system Ax = b where the stiffness matrix 4 has entries
1 d 1
= f Erz gy = f (2x — 1)%dx = 1/3
o dx 0

1 d d 1
ay, = fo %%)dx = fo (2x — 1)(3x2 — 2x)dx = 1/6

az1 = Qg2
1 d 1
Ay = f (%)de = f (3x2 — 2x)2%dx = 2/15,
0 0

The load vector is
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b, = flf(x)lﬁldx = fl(xz —x)dx = —1/6,

1 1
b, = J; fO)P,dx = fo (x3 —x®)dx = —-1/12.

Hence, the linear system is
[1/3 1/6] [al] B [ -1/6
1/6 2/15] lal ~ [-1/12
This gives ¢y = —1/2and @, = 0. Thus, 4 = —1/2x(x — 1).
In fact, & =wu is the true solution. This can be predicted from Best
Approximation Theorem because u € V, in the Galerkin approximation picks the

best approximation to u € V,, which is seriously u (|lu — ul|z = 0). It is clear that
u €V, as —u,, = 1, and hence u quadratic.

In general, Polynomial basis functions are to be avoided for two reasons:
e The stiffness matrix is dense (a;; # 0 for most i, j).

e The condition number of matrix A grows rapidly as the dimension k is
increased. It behaves as Hilbert matrix [8].

Finite element Basis

In the model problem (3), we define D =(0,1) intoagrid 0 < xy < x; < -+ <
Xk+1 = 1. Let us assume grid is sparse uniformly x;., —x; = h for j = 0,1, ..., k.
Define basis function N;(x) which is piecewise linear on grid (on each (x;., x;) to
is linear) such that
(1 if i=],
N;() = {0 if i#].

Note that N;(x) € H; for j = 0,1, ..., k because N;(0) = N;(1) = 0 and

d 1/h x4 <x <X
El\lj(xi) =4-1/h x; <x <Xxj4q 9
0 other

Thus, ;—xl\lj(xi) € 12(0,1) and N;(x) are linearly independent.

Let Vi, = span {N;, N,, ..., N}, then V. has dimension k and is a subspace of
V = H}(0,1). We often write V,, = V, to emphasis grid space h. Note that Ny, N4,
are not included in V. Let us construct the stiffness matrix A = a;; where a;; =
a(N;, N).

o Casei =j:
1,dN;

a; = a(N, N;) = |, (7.D%dx fori = 0,1, ..., k. Thus, by (9) we get

X
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Xi+1 ]
a= [ rax=2m
Xi-1

eCasei=j—1:
a, = IXi+1(dNi)(—dM)dx - fxi“(__l)(l)dx !
Yoo ), tdx7hdx .~ h7°h h
i-1 -1
eCasei=j+1:
-1
W= G

e Case |i —j| > 1:
Note that N;(x) = N;(x) = 0 for all x. Hence, a;; = 0.

Finally, we have

-1 2

As usual, the matrix is symmetric and positive definite. For the finite element
basis, the stiffness matrix is sparse [1]. Next, it is important to show that the finite
element solution converges to the weak solution in the limit h — 0.

Convergence

We look at the effect of increasing number k of finite element basis function
on the approximation error.

Theorem 6. Let u be true solution and i be Galerkin approximation in V,, , then
llu — @l < RIIfI

Proof. Let u* denotes to the piecewise linear interpellant of u at grid points
Xg, X1, -» X41- THiS means u* is linear on (x;, x;,4) for i = 0,1, ...,k and u*(x;) =
y(x;) for i=0,1,..,k. Note that u* € V, but u* may not be equal to Galerkin
finite element solution #i. By best approximation
llu —allg < llu—ulle

as u* € V. Next step, we estimate ||u — ||z in terms of h. Let e = u — u”,
then e(x;) = 0fori = 0,1, ..., k + 1. By Poincare Inequality,

fwwsfwwxw‘am=an=a
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Change variable and let y = x; 4+ xh and hence dy = hdx. Thus, when x =
0, then y = x; and when x = 1, then y = x;,4. So,

Xi+1 dy Xit+1 dy Xit+1 dy

=< h*@;——~<h f z2 -

fx. A fx (e Py
i-1 i-1 i-1

Consequently,
Xi+1 d Xi+1
f 402% < hzf pydy
1
We can substitute ¢ = Z—i. This produces

Xi+1 e de X Xi+1 d2e X
el <p Z =
L_l @ "= f (G2 9

Xi-1

By integrate, i = 0 upto i = k, we get
fl de de<h2f1 d?e 2
@@ R =) G

. . dZ dZ
Notice, L.H.S is |le]|l2. Now, e =u —u* and hence d—;=d—;2‘ as u*
piecewise linear. Thus,

1 /42y 2 1
lle]lz < hzf <—) dx = hzf f2dx
g o \dx? 0

as —u,, = f and finally |le||2 = |lu — @]z < hlIf]]. m

As result, we have linear convergence in || ||z and quadratic convergence in
Il 11(£2(0,1) norm) [7].

Theorem 7. [14] Let u be true solution and @ be Galerkin approximation in
V, , then

llu =l < R?|If]]
Proof. Let w solve the dual problem

d*w N
Iz u—1u on(0,1) (10)
w(0) = w(1) =0.
Then by (10),
lu—|? = (u—1t,u—1i%) = <u—ﬁ _dz_a)>
’ " dx?

Integrate by parts,
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fl(u = = —a(—d—w)]l + fli(u — )L (wydx
o dx? dx/)*° o dx dx
As(u—i)(x)=0atx =0,
d*w
<u —)(— W) =a(u—1,N).
Hence,
llu —@|? = a(u — @, w).
Introduce w* €V, defined to the piecewise linear interpolant of w at

Xg, X1, ) Xppq1- ReCAl a(u — 14, ¢@,) for any ¢, € V, =V, where @ is Galerkin
approximation to u (see Best approximation proof). In particular,

a(u —1i,w*) =0.
with (10) this implies

1
d
—1U 2= —1U — *) = P — — 1) — —_ *
[lu — ]| a(u—1,w —w") de(u u)dx(w w")dx.

Apply, Cauchy-Schwarz inequality,

(1D

1d d
o~ 2< o~ _ *) — _ 2 U _ *
lu =1l <alu—1i,w—w") fodx(u u)dx(w w)dx.
= [lu —all* o — o*||?
Now,

2 2

_ d“w _

TxZ < hllu—1]l as qu—u, (12)
and hence, |lu—1| <|lu—1llg by Poincare inequality as u—1i €

H}(0,1). Also, we have ||lu — @|| < h||f]| by previous theorem. Putting all together

form (12), we get

lo —w’? <

llw — @l < hllu —@ll < hAlfl.
By the equation of (11), we get
lw —all* < llu = dllg. lw — @*||?
Thus,
llu — @l < R?|If]]

Problem
Consider the Boundary Value Problem (BVP):

~(P)U()) + r()ux) = f(x), (13)
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on [a, b] with boundary conditions
-p(@i(a) +au(a) =4,  p)ulb) + pu(d) = B,
fora,p = 0 and 4, B € R. Assume that
p € C1(0,1), r € €(0,1) and f € L*(0,1),
for some ¢, > 0
p(x) = ¢y r(x) =0, vx € [0,1].

To show that the weak formulation of the BVP, let V = H(0,1). Also, u € V
such that a(u, ¢) = l(¢) for all test function ¢ € V, where

b
a(u, ) = f [~(p()UG))P(x) +r(x)u)d()]dx + au(a)p(a)
+ Bu(b)p(b),

and

b
1) = j F@ G dx + Ap(a) + B(b),

Multiply by a test function ¢ € V and integrate by parts:
b b
| p@l-0@iws + reueoldx = [ reogeods,

(@IS ,,
+ [ @@ + reu@emldx = [ f@edx,

Apply the boundary conditions to simplify the first term:

[~ () U(x)p(0)]; = p(@i(a)p(a) — p(B)i(b)$(b)
= au(a)¢p(a) — Ap(a) — pu(b) — Bo(b) + pu(b)¢p(b)

We conclude that the weak form is as follows: find u €V such that
a(u,¢) =1(¢) forall p € V.

Finite element approximation of the BVP based on piecewise elements on the
subdivision a < xy < x; <+ < x, = b. We may assume that the elements are
uniform with spacing h. The method gives rise to a set of n + 1 equations inn + 1
unknowns. To formulate a finite element approximation on the subdivision a <
Xg < xp < - < x, = b, we introduce the basis functions Ny(x), Ny (x), ..., N, (x),
which are the piecewise linear functions on the subdivision with N;(x,) for all k # j
and N;(x;) = 1. Let V = span{N;(x):j = {0, ...,n}. The FEM method is to find
u, € V. such that

a(un, ¢) = l(d)),
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for allp € V. Write u,(x) = agNy(x) + a3 N;(x) + - + a, N, (x), for
coefficient ay, ay, ..., a;, to be determined. We find the linear system satisfied by a;:
Substitute ¢(x) = N;(x), then

n

a(uy,, N,) = Z a; a(Nj,Nk) = I(f, Np).

=1
Let aj, = a(N;, Ni) and by, = I(f, N},), then we solve
Qo Bo
a| =",
al .

where A is (n + 1) X (n + 1) matrix with entries a;;. Moreover, the linear

system has a unique solution, we show the matrix A is positive definite. To see that
assume

alAda =u, Au, = a(u,,u,), a= (ayay,..,a,)

We show a(u,, u,,)*/?defines a norm on V,,. The key is that for u non-zero

1
a(u,u) = f p(X)U(x)? + r(x)u(x)?dx + au(a)? + pu(b)?> > 0
0

asa,f =0and p(x) = ¢y = 0 and r(x) = 0. Hence, we have the condition
that a(u,,u,) >0 when wu, is non-trivial. Then if @ # 0, a’Aa > 0 and the
matrix A is positive definite and hence non-singular. Consequently, the Galerkin
system has a unique solution. Furthermore, The matrix is symmetric as a(u,v) =
a(v,u) and tridiagonal because the support of N;(x) is [x;_1, x;41] N [a, b]. Hence,
the product N; (x)N; (x)is zero if |i — j| > 1.

If we consider the Boundary Value Problem (13) on [0,1] with boundary
conditions

u(0)=u(1)=0
fora,f = 0 and 4, B € R. Assume that
p € CY(0,1), r € €(0,1) and f € L*(0,1),
and for some ¢, > 0
p(x) = ¢y r(x) =0, vx € [0,1]
Given that u" denotes the piecewise linear finite element approximation to u
on uniform elements of width h, it is easy to show that
e = w30 < Cahllul,

with C2 = L[||plle + h?|I7]l]- The best approximation property asserts that

1
<o
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au—utu—u") <alu-o,u—¢),

for any ¢ € V™. This is a generalisation of the property derived in class for
the diffusion problem. Let v" denote the piecewise linear interpolant to u at grid
points x; . With e = u — v", we have

le’ll < hllexll,  llell < h?llexl-

We use ||u]|, to denote supg<,<;|u(x)|. Hence,

a(e,e) = f p()(x)? + r(x)u(x)?dx,
0

< lpllolle’l” + R [Irllellell?,
< liplloh?lle” I + h*[Irllolle” 1%,
= h?[lIplleo + A2 7l ]Il 1I%.
Now, e” = u" ase = u — u” and u” is piecewise linear. Thus
a(e,e) = h?[lIplle + h?|Irllo]llue"|I?
Also, note

a(u—utu—u") = f p() W' (x) = uM ()2 + 1) (u(x)u (x))2dx
0

= CO “u - uh”ZH&(ojl)

Hence,

1
[Pl + A2 7l ]h? ]I

— 2 -
”u u ” H[}(O,l) < Co

Thus, we have proved the result with €2 = 2[|Iplle + h2|I7lle] (assuming

h = 1). Consequently, the following inequality ”
collu'I? < II£ Hfull
and
r
p
hold. To see that, from —(pu') +ru = f, we get —pu"’ —p'u' +ru=f

< |
s 7] wen+

s

and

n p’ ! r 1
el = B =S s
p p p

I

p ,|
—u
p

p' , r 1
<[%] men= || men+]] nen
pl, pll, pil,

<[ -

ol 1]
p p
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From the weak form,

J-lp(x)zl(x)z +r(x)u(x)?dx = flf(x)u(x)dx
0 0
Using Poincare's inequality (as u € H3(0,1)) and Cauchy-Schwarz and
p(x) = co, We get collw’lI* < IIf Il < lIfIHIw'll and hence
llull < llu'll < %Ilfll
Further, we can show that
llu = w101y < CRIFNL

where C, should be specified. Now,

I

||u"||s|p— i||f||—||f|| ||f||+||3|| £l
pll_ co pil pil
Hence,
c=al B 2+l
Cllpll,  colipll pil,

Now, we provide an example to calculate the right hand side in these
inequality such that (x) = 1,7(x) =0,f(x) =1 and h = 1073, So, we get ¢, =
1|7l = 0 and ||pll = 0. Hence, C; = 1and C; = C, = 1. Hence

lullyacop < b = 1073,

Conclusion

We have seen that Galerkin method plays an important role on integrals of
functions that can easy be evaluated on the domain. We showed that Galerkin
method provides high-order approximation. Tricky problem presented with proof of
some smarted inequalities for clarification and signification on it properties.
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