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Introduction
In this paper, we consider the multiplicity results of nontrivial nonnegative
solutions of the following problem (1.1)
u
lyl?
u=0, on dQ)

—Au—p = ul*2u+Ag®ulT?uinQ,y # 0

With Q < R¥ XRN=* where each point x in R¥ is written as a pair (y,z)€
R*¥ XRN—F where k and N are integers such that N>3 and k belongs to
{2,..,N},2* =2N/(N — 2) is the Sobolev critical exponent, 1<q<2, -oo<pu <

—2)2 —

U = & 42) , A is a real parameter and g is continuous function in Q. In recent years,
many auteurs have paid much attention to the following singular elliptic problem,
i.e., the case k=N,g=1in (1.1), (1.2):

u
|x[2
u=0, on 00

—Au—p = ulP2u+AuinQx#0

Where Q is a smooth bounded domain in

—_2\2
RY (N>2), 0€ 0,4> 0,0 <t < iy = =2

And 2" =2N/(N —2) is the critical Sobolev exponent, see [5,6,8] and
references therein. The quasilinear form of (1.2) is discussed in [11].Some results
are already available for (1.1). Wang and Zhou [17] proved that there exist at least

_ 2
two solutions for (1.1) with 0 < p < iy = “=2- Bouchekif and Matallah [2]

showed the existence of two solutions of (1.1) under certain conditions on a
weighted function h, when 0 < u < Ty, 0 < A <A with A a positive constant.

Concerning existence results in the case k<N, we cite [9,10,14] and the
references therein. Musina [14] considered (1.1) withA =0, also (1.1). She
established the existence of a ground state solution when 2<k<N and 0< u < ", for
(1.1) with 2 = 0 . She also showed that (1.1) withA =0 does not admit ground
state solutions. Badiale et al. [1] studied (1.1) with 2 = 0. They proved the existence
of at least a nonzero nonnegative weak solution u, satisfying u(y,z)=u(ly|,z) when
2<k<N and p < 0 . Bouchekif and EI Mokhtar [3] proved that (1.1) admits two
distinct solutions when 2<k<N, b=N-p(N-2)/2 with 2<p< 2", < p <1, and 0 <
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A <A with A a positive constant. Terracini [16] proved that there is no positive
solutions of (1.1) with

A =0 when u<0. The regular problem corresponding to has been
considered on a regular bounded domain Q by Tarantello [15]. She proved that, with
a nonhomogeneous term ge H~1(Q), the dual of H(Q), not identically zero and
satisfying a suitable condition, the problem considered admits two distinct solutions.

Before formulating our results, we give some definitions and notations.

We denote by Dy = Dy (R¥\ {0} XRN=%) and H, =H, (R*\{0}XR"~F), the
closure of C°(R¥\ {0} XRN~*) with respect to the norms

Tl =(j (1Vuf? = alyl2[ul?)dx)"2 and ||u||=(f IVul? dx)/?
QO Q

respectively, with u < " for k # 2.

From the Hardy-Sobolev-Maz'ya inequality, it is easy to see that the
norm||u|l,, is equivalentto [|u||. More explicitly, we have

(1= GE 7)Y llull < Jlull, < (A= ()2 /«t‘)%llull,

With u* = max(y,0) and u~ = min(y,0) for allu € H, .
We list here a few integral inequalities.

The starting point for studying (1.1), is the Hardy inequality with cylindrical
weights [14]. It states that

.U_kj |y|_2172deJ |Vv|?dx, forallv € H, ,
Q Q

Since our approach is variational, we define the functional I on H,, by

IW):=(112) Il = (57) Jy el dx = ) [, glulidx,

A point u€ H, isa weak solution of the equation (1.1) if it satisfies

(I (), @) = f (VuVe) — ulyl2(up))dx — f [ul2 2 (ug) dx
9] QO
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A, glul"?(up)dx, for all € H,, .
(.,.) here denotes the product in the duality (H', ,H, ) (H', dual of H, )
Let

2
llull,

S, = mn —_—
ueH NOY([ Tulp dxy2/e

n

From [12], S, is achieved. Now we consider the following assumption:

(G) g is a continuous function defined in Q and there exist go and p, positive
such that g(x)>go for all x€ B(0, py )...(

In our work, we research the critical points as the minimizers of the energy
functional associated to the problem (1.1) on the constraint defined by the Nehari
manifold, which are solutions of our system.

Let p, be positive number such that

_ 22-q)/2"(2"-2) @ =2 (@-D)\(ZL) 1
Ao (Su) (2*—q)\((2*—q)) ° IIgIIH“ -1

Now we can state our main results.

Theorem1: Assume that, -co< u < T, and A verifying 0< 1 < 4, , then the system
(1.1) has at least one positive solution.

Therem2: In addition to the assumptions of the Theoreml, there exists 1, = %AO
such that if A
Satisfying 0< A < A, , then (1.1) has at least two positive solutions.

Theorem3: In addition to the assumptions of the Theorem2, assuming N>6, there
exists a positive real A, such that, if A satisfy 0< A < min (4, ,4, ), then (1.1) has
at least two positive solutions and at least one pair of sign-changing solutions.

This paper is organized as follows. In Section 2, we give some preliminaries.
Section 3 and 4 are devoted to the proofs of Theorems 1 and 2. In the last Section,
we prove the Theorem3.

2. Preliminaries
Definitionl: Let ceR, E a Banach space and 1EC!(E,R)

i) (u, ), IisaPalais-Smale sequence at level c (in short (PS). ) in E for I if
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(up)=c+ o0, MandI'(u, ) = o, (1)
Where 0,, (1) tends to 0 as n goes at infinity.

ii) We say that | satisfies the (PS). condition if any (PS). sequence in E for
I has a convergent subsequence.

Lemmal: Let X Banach space, and JeCY(X,R) verifying the Palais -Smale
condition. Suppose that J(0)=0 and that:

i) there exist R>0, r>0 such that if lul=R, then J(u)>r
ii) there exist (uo)€X such that luel>R and J(u0)<O0.

Let
=i max 0 ({©)
where

r ={, € €([0,1], X)such that ,(0) = 0 and ,(1) = u°}
then c is critical value of J such that c>r.

Nehari manifold

It is well known that I is of class C* in H, and the solutions of (1.1) are the
critical points of I which is not bounded below on H, . Consider the following
Nehari manifold

N={ue H, \ {0}: (I'(w),u) = 0}
Thus, ueN if and only if

lull 2 —f lul? dx—zf glul9dx = 0.(1)
O 9]

Note that N contains every nontrivial solution of the problem (1.1).
Moreover, we have the following results.

Lemma2: | is coercive and bounded from below on N.
Proof: If ueN, then by (1) and the Hélder inequality, we deduce that

Iu):=((2* = 2)/2° 2) llull,* = 2((2° = )/ 2° @) [, glul?dx,
>((2° = 2)/2° 2) llull,” = 22" = )/ 2" @) Il * Nlglly, - (2)
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Thus, | is coercive and bounded from below on N.
Define

) = (I'(w), u)

Then, for ueN
(@' (w),u) =2 |[ull,,* = 2" f, lu|*'dx =2 [, glulidx,

= (2-0) llull,® = 2" = D) J,, lu|* dx

A2 - q) jQ glultdx — @° = 2) lull,2 (3)

Now, we split N in three parts:
N*t={ue N: {(¢'(uw),u) > 0}
N°={u€e N: (¢'(w),u) = 0}
N~={ue N: {(¢'(u),u) < 0}
We have the following results.

Lemma3: Suppose that uo is a local minimizer for I on N. Then, if wo&N?°, wo is a
critical point of I.

Proof: If uo is a local minimizer for I on N, then o is a solution of the optimization
problem

min I(u)
{u/ew)=0}

Hence, there exists a Lagrange multipliers 6€R such that
I'(up) =0¢"(up) inH' .
Thus,

(I'Cuo), uo) = 6{e'(uo), uo)

But (¢’ (up), uo) # 0, since uog€N°. Hence 6=0. This completes the proof.
Lemma4: There exists a positive number 4, such that for all 4, verifying
0<A <A,

we have N°£Q.

Proof: Let us reason by contradiction.
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Suppose N°£@ such that 0< 1 < A, . Then, by (3) and for uUEN®, we have

@-a) llull,® = 2" = 1) [, [ul*'dx =0

A2 - q) f glul?dx — 2* = 2) Ilull %
O

Moreover, by the Holder inequality and the Sobolev embedding theorem, we obtain
1

2 —q](z*—z)
2*—1

lull, = (s, 7| ©

And

1
hul, < [E=2%7 = ).
From (4) and (5), we obtain 4 > 4, , which contradicts an hypothesis.
Thus N=N*UN". Define
c:= &2{,'(”)’ ct:= uierllvf+l(u), cT= uierllvf_l(u),

For the sequel, we need the following Lemma.
Lemma5:

i) For all such that 0< A < 4, , one has c<c*<0

if) For all such that 0< 2 <12, , one has

c™>C =Co (AS,, Ih*lles ,q).
Proof: (i) Let ueN*. By (3), we have

2—q] 2 .
"9l >f lul? dx
= > |

And so

1) = [(@-2)/24] llull,” + [2* — 9)/2°q] [, lul* dx

2*(2*-1)-2(2*—q) 2
<- (2= EEZE D ull,” < 0.
We conclude that ¢c<c™<0.

ii) Let ueN™. By (3), we get

2 - q] 9 .
- [Ju]| <J- |u|? dx.
[ el < |

Moreover, by Sobolev embedding theorem, we have
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—2*
Jo Tl dx<(S, )2 lull,” .
This implies

2* 1
lull, > (S, )2 [22*;_‘11](2 | for all ueN-. (6)

By (2), we get
2-q) N
2" =2112—q @2 2(2-q)
> E N P ) 2(2*-2)
1Q) = lull, [ 22 ][2*—1] (S +

—ull,® [(E22) glly, - |-
Thus, for all A such that

2*(2—-q)

0<a<a =27 [ﬂ]%(sﬂ e (ZL) (/g - =22,

2%2 2% -1 2%

we have I(u)>Co.

Propositionl: (see [4])
i) For all A such that 0< A < A, , there exists a (PS).+ sequence in N*

i) For all such that 0<A <22, , there exists a (PS)._ sequence in N~ .
2

We write
_1
(2*-2)
2— ull,?
= tar = |—Cm DIl o
@2 —q) [, [ul?dx

Lemma6: Let real parameters such that 0<A < A, . For each € H,, , there exist
unique

ttandt™ suchthat0<t*< t, <t ,(ttu) ENT, (t7u) EN"
+ - : - —:
1(t*u) 0<gr<1ftm I(tu) and 1(t"u) %rzlgl(tu).

Proof: With minor modifications, we refer to [4].
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3. Proofs
Proof of Theorem1

Now, taking as a starting point the work of Tarantello [13], we establish the
existence of a local minimum for lon N* .

Proposition2: For all such that 0< A < 4, , the functional I has a minimizer uo*€N*
and it satisfies

) I (u) =c=c*
ii) (uo®) is a nontrivial solution of (1.1).

Prof: If 0<A < A, , then by Propositionl (i) there exists a (u, ), - (PS)
sequence in N*, thus it bounded by Lemma2. Then, there exists uo*€H and we can
extract a subsequence

which will denoted by (u,, ),, such that
u, — uo" weakly in H
u, — uo" weakly in L2 ()
U, — U strongly in L7(Q)
U, —uo a.cin. (7)

Thus, by (7), uo* is a weak nontrivial solution of (1.1). Now, we show that u,
converges to uo* strongly in H. Suppose otherwise. By the lower semi-continuity of
the norm, then either

. o
luo*ll, < hrrlgglfllun Il .
and we obtain

¢ I(uo) = [(2-2)/2"2] lluo*ll,* — 22" = @)/2°q [, gluo*|%dx.

<liminfl(u, ) =c

n—oo

We get a contradiction. Therefore, Un converge to uo" strongly in H. Moreover, we
have uo*€N™. If not, then by Lemmag, there are two numbers to" and to~, uniquely
defined so that (to'ue")EN™ and (t ue*)EN". In particular, we have to~ < to'=1. Since

d d?
P I(t uo)(t= to")=0 and 0z 1(t uo®)(t= to")>0,

there exists to™< t < to* such that I(to uo")<I(t'uo"). By Lemma6, we get
I(toue")<I(t™ uo")< I(t'uo*)= I(uo"),
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which contradicts the fact that I(uo")=c*. Since I(uo*)=I(Juo*|) and [uo*|EN", then by
Lemma3, we may assume that uo* is a nontrivial nonnegative solution of (1.1). By
the Harnack inequality, we conclude that uo*>0, see for example [7].

Proof of Theorem?2

Next, we establish the existence of a local minimum for I on N~. For this, we
require the following Lemma.

Lemma7: For all 4 such that 0< 21 < %AO , the functional I has a minimizer uo~ in
N~ and it satisfies:

i) I(uo)=c>0
ii) uo™ is a nontrivial solution of (1.1) in H.

Proof: If 0< 1 < %AO , then by Proposition1 (ii) there exists a (u, ) - (PS) .-

sequence in N7, thus it bounded by Lemma2. Then, there exists uo€H and we can
extract a subsequence which will denoted by (u,, ) such that

u, — uo weakly in H
u, — uoweakly in L2 (Q)
u, — uo strongly in L7(Q)

U, —usa.einl.

This implies

Jo, I |Z dx —» N | uo™|?"dx, asn goes to x

Moreover, by (3) we obtain

Jo Tun 17 dx > [2%-0)/2" = D] llull,,”* (8).

By (4) and (8) there exists a positive number
(2"-1)

2—q1@"-2) 2z
2% — 1] (SH )2 (2-2)

-]

Such that
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f lu, |2°dx > C; (9).
Q

This implies that

f [ue|¥ dx > €,

Q

Now, we prove that (u,, ) converges to uo strongly in H. Suppose otherwise. Then,
either

llo”ll,, < liminflluy I,

By Lemmas there is a unique to~ such that (touo")EN". Since
u, € N, I(u,)=1I(tu, ), forallt =0,
We have
I(to*uo*)<lni_n)noo I(tou, ) <Il(u,)=c"
and this is a contradiction. Hence, (u, ) converges to uo~ strongly in H.
Thus I(u,, ) converges to I(uy,” ) = ¢~ as n tends to +o.

Since I(uo)=I(Juo]) and ue €N, then by (9) and Lemma6, we may assume
that uo™ is a nontrivial nonnegative solution of (1.1). By the maximum principle, we
conclude that ue™0.

Now, we complete the proof of Theorem2. By Propositions2 and Lemma?,
we obtain that (1.1) has two positive solutions uo*€N"' and uo €N". Since N*NN=0,
this implies that uo" and uo™ are distinct.

Proof of Theorem3
In this section, we consider the following Nehari submanifold of N.
N, ={u€e H, \ {0}: (I'(w),u) =0and |[ull, =7r>0}.
Thus, ue N,. if and only if
2 ||u||”2 —Jy [u|? dx —Af, glul%dx = 0and |jull, =7 >0.
Firsly, we need the following Lemmas

Lemma8: Under the hypothesis of Theorem3, there exist r, ,A, > 0 such that N,
isnonempty forany 0<A < A, andO0<r <r, .

Proof: Fix uoeH\{0} and let

9(O)=(I"(tuy ), tug ) =t |lug ||p¢2 -t Jo Tuo |2 dx — At Jo gluo 17dx.
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Clearly g(0)=0 and g(t)—-w as t—+ow. Moreover, we have

9= lluo II,* = [ luo [*'dx — 2 f, glug |%dx.
—2* 2%

X -2
2 llug "= (S ) 2 Mo e | = Alluo 1" Nlglly, -

2%

Ifllull, =r>0for0< r<r, = (S, )*(22, then there exist
_2»<
— 2-q (] _ 2"-2 =z 1
By =TI (S,) )(ugn,,u )

and to>0 such that g(to)=0. Thus, (t, uy ) € N, and N, is nonempty for any
0<A<,.

Lemma9: There exist p, 1, positive reals such that {(¢’'(u),u) < —p <0 for
UE N, andany A verifying

0<A<min (4, ,43)
Let ue N, , then by (1), (3) and the Holder inequality, allows us to write

(@' @) = 42" — ) f glultdx — 2* = 2) |lull, 2
9]

<22 = @llull Ngly, -+ = @ = 2llull,”
<llull*IA2" = Dllglly, - — (2° = 2)r*79],
Thus if
0<A<2y =[2" =2/ 2~ @liglly, -1]

and choosing 1; = min (1, ,4, ) with A, defined in Lemma9, then we obtain
that

(p'(w),u) <0, for any u € N, .(10)
Lemmal0: Suppose N>6. Then, there exist a and n positive constants such that
i) we have I(u) > n>0 for [[u]l, =&
ii) there exists we N, when |lu]l, > €, with |lul|, = & such that I(w)<0.

Proof: We can suppose that the minima of J are realized by uo" and uo™. The
geometric conditions of the mountain pass theorem are satisfied. Indeed, we have:

i) By (3), (10) and the fact that
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| x> 1@ - /e -0,
Q
We get
I(w) >[((q — 1/2q) + (2" - D/2'9)(2 — ¢)/ 2" — D) Jllull,?
By the fact that 1<q<2 and N>6, we obtain that
I(u) >n>0 when € = [[u||, small.

ii) Let t>0, then we have for all Y€ N,. .

L(tW) =(c2/2) 1P|l = (£%/27) f, 1¥[* dx = A(t9/q) f, g|¥|9dx.

Letting w= tW¥ for t large enough, we obtain I(w)<0.For t large enough we can
ensure

llwll, > € Let and c defined by
={:[0,1]= N, :,(0) = up” and (1) = uo*}
And

¢:=inf max] {u (y(t)))

VET tel0,1

If 0<A < min (4,4, ) then, by the Lemma2 and Propositionl (ii), the
functional | verifying the Palais -Smale condition in N, . Moreover, from the
Lemmas 3, 9 and 10, there exists u. such that I(u. ) = c and u, € N, .

Thus u, # uo and u, #ue" Iisthe third solution of our system such that .
Since (1.1) is odd with respect u, we obtain that —u, is also a solution of (1.1).
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