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Introduction
Throughout this paper, unless otherwise specified, X is a metric space with

metric d. Let2* ,CL(X) and CB(X) denote the collection of nonempty subsets of

X, nonempty closed subsets of X , and nonempty closed bounded subsets of X ,
respectively. By using the properties of W -distance and the generalized W -
contraction map we prove fixed point and common fixed point results for
multivalued maps in the setting of metric spaces.

Preliminaries
Consider a single valued map f : X — X and a multivalued map T : X — 2%
(i) A point X € X is called a fixed point of f if f(X)=Xand a fixed
pointof T ifXeT(X).
(it) f is called Banach contraction if for a fixed constant k €[0,1) and
foreach X,y e X .

d(f(x), f(y)) <kd(x,y)
(ifi’) f is called Kannan contraction if for a fixed constant h € [0,%) and

foreach X,y e X .

d(f(x), f(y)) <h[d(x, f(x))+d(y, f(y))]
Definition 1.1
A map :X —[ s called a lower semi-continuous if for any sequence
{x.} = X with x, &> x € X imply that w(x) <liminf___w(X,)
Recently, Kada et al. [1] introduce a concept of W -distance as follows

Definition 1.2
A function W: X x X —[0,0) is called a W -distance on X if it satisfies the
following:
(i) w(x,z) <w(x,y)+w(y,z) forall x,y,ze X .
(ii) w(x,.): X —>[0,00) is a lower semicontinuous map, i.e, if a
sequence {Y,} in X with y, =y e X, then w(x,y) <liminf w(x,y,) .
n—oo

(ifi )For anye >0, there exists 0 >0 such that w(z,X)<J and
w(z,y)<o
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imply d(X,y)<e&.
The metric d is a W -distance on X . Many other examples of W -distance
are given in [1], [2], [3], [4], [5], [6]. Note that in general forX,ye X,
wW(x, y) = w(y, X).

Example 1.3
If X={%\n ell }u{o}. Foreach x,ye X , d(X,y)=Xx+YVy if

X#Yand d(X,y)=0 if X=Y isametricon X and (X,d) isacomplete
metric space. Moreover by defining p(X,y) =Yy, P isa W -distance on(X,d).
We find that p(X, y) # p(Y, X) for all point exceptat X =Y .

Lemma 1.4 [1]
Let X be a metric space with metric d and W be a W -distance on X . Let

{x.} and {y,} be two sequencesin X . Let {er,} and {3} be two sequences in
[0,0) convergeto 0,and X, Y,z € X . Then the following hold:

@ If W(X,,Y)<e, and W(X,,z)< B, forany nell then y=27in
particular, if W(X,y)=0 and Ww(X,z)=0 theny=2. Similarly, if
w(y, X,)<ea, and W(z,X,) <, foranynell ,then Y=2 in particular, if
w(y,x) =0 and w(z,x) =0 theny=2.

by If W(X,,Y,)<e, and W(X,,2)< S, forany nell,then {y,}
converges toz. Similarly, if W(Yy,,X,)<¢, and W(z,X,)< S, for any
nell, then {y,} convergesto z .

) If W(X,X,)<eq, forany n,mell withm>n, then {X } is a
Cauchy sequence. Similarly, if W(X_,X )<, forany nmell with m>n,
then {X,} is a Cauchy sequence.

) If wW(y,x,)<e, forany nell,then {X } isa Cauchy sequence.
Similarly, if W(X,,Y)<ea, forany nell,then {X } isa Cauchy sequence.

Definition 1.5
We say a multivalued map T : X — CL(X) is:
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(i ) Non commutative W -contraction if there exist a W -distance W on X
1
and a constant he (O,E) such that for any X,y e X and U €T (X)there is

veT(y) with w(u,v) <h[w(x,y)+w(y,X)].

(ii) Generalized non commutative W -contraction if there exists a W -
contractive if there exists a W -distance W on X such that for any X,y € X and
ueT(x) thereis veT(y) with

w(u,v) <k(w(x, y), w(y, x))[w(x, y) +w(y, X)]

Where K :[0,0) %[0, ) — [0, %)

With lim supk(rl,r2)<% forevery (t,,t,) €[0,00)x[0,0).

(n.R)->t" ")

Definition 1.6
A sequence {X,} in X s said to be an orbit of T at X, € X if

X, €T(X, ,)forall n>1.

A Fixed Point Result.
First, we prove our key lemma in the setting of metric spaces.

Lemma 2.1
Let T : X — CL(X) be generalized non commutative W -contraction map.

Then there exists an orbit {X,} of T at X, such that the sequences of nonnegative
numbers {W(X,, X, ,)} and {W(X,,,,X,)} are converging to zero and the

sequence{X.} is Cauchy.

Proof.

Let X, be an arbitrary but fixed element of X and X, € T (X,) . Since T is
generalized non commutative W -contraction, there is X, € T (X;) such that

W (X1, X,) <KW (X g, X)W (X3, X)W (X g, X;) +W (X, X )]
Continuing this process, we get a sequence {X,} in X suchthat X.,, € T (X,)and
WX, X ) SR (X 30X, )W (X, X )X (X, 5,X,)4W (X, X, )]
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Thus for all N >1, we have
1
W(Xn’ Xn+1) < E[W(Xn—l’ Xn) + W(Xn’ Xn—l)]

writet, =W(X,X,,,), t'=w(x_,,X). Suppose limt =1 >0 and
n—oo

limt ' =4, >0. Then we have

n—oo

\ \
tn S k(tn—11tn—1 )[tnfl +tn—1 ]
Now, taking limits as N — oo on both sides, we get
A <limsupk(t, 4, t, ) (4 +4,)
n—oo
Without loss of generality let 4, < A, then
A < limsupk(t, o, t, )4 +4,) <4
n—oo

Which is impossible and hence the sequence of nonnegative numbers {t,} which

converges to zero
Similarly with respect to the sequence{W(X. ., X, )}

Finally, we show that {X_} is a Cauchy sequence.

. 1
Let = lim supk(r,r,) <=. Then there exists a real number h such that
(r,1;)—>(0,0) 2

a<h <% and for sufficiently large n we have, k(tn_l,tn_l\) <h. Thus for
sufficiently large N we havet, <h[t , +tn_1\]. Consequently,
W(X;, X,) < h[W(X,, X, ) +W(X,, X,)]
W(X,, X3) < h[W(X;, X,) +W(X,, X,)]
<h[hfw (x4, Xx;) +W (X, X )]+ hw (X, X ) +W (X, X,)]]
< 20°[W(X5, %) +W(X, %)]
W(X3, X, ) < h[W(X,, X;) +W(X;, X, )]

<N[202W (Xg.X,)+W (X, X )]+ 20200 (X0, X,) W (X, X )]
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< AR [W(X,, X,) +W(X;, X)]
W(X4, X5) < h[W(Xsi X4) + W(X47 Xa)]

< A[ARPT (X0, X,) +W (X, X o)+ AN (X5, X,) +W (,, X )]

<8N [W(Xy, %) +W(X, %,)]
And finally we get,

WX, X ,) <2 h" WXy, %) +W(X, %,)]  Vn=12,...
Now, forany n,mel] , m>n, we have
W(X,, X)) SW(X,, X,,,)+
W(X, g0 Xoan) + o F WX 50 X))
<2 (X, X,) +W (X4, X )]+ 2" h ™ W (X, X)) +W (X, X )]
et 27T IW(X, %)+ WOX, )]

<2"h"W (X, X)) +W (X, X o)][L+2h +4h? +.. .+ 2" " th ™"

1( (2h)"
< E[l—ZhJ[W(XO’ X)) +W(X;, X)]

Since2h<1, then (2h)" —>0as n—>o and {X,} is a Cauchy
sequence. Similarly with respect to the sequence {W(X, X, )}

Theorem 2.2
Let X be acomplete metric space. Then each generalized non commutative
W -contraction map T : X — CL(X) has a fixed point.

Proof.
It follows from the previous lemma 2.1 that there exists an orbit {X } of T

which is a Cauchy sequence and the sequence W(X,,X,,;) — 0. Due to the

completeness of X , there exists some V, € X such that limX, =V, . Since

n—o
W(X,,.) is a lower semicontinuous and X, — V,, € X, it follows from lemma 2.1
that
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n-1pn

W(Xn’vo) < rLl_rlllnf W(Xn ' Xm) < [mj [W(XO’ Xl) +W(X1’ XO)]

And

n-1pn

1-2h

W(Yy. X,) < lim inf w(x,  x,) <( ][w(xl,xmw(xo,xo]

Which implies  W(X,,V,) >0 and W(Vy,X,) >0. Now since
X, € T(X,,) and T is generalized non commutative W -contraction map, there is
u, € T(V,) such that
W (Xn ’un) < k (\N (Xn—11vo)1W (VO'Xn—l))[\N (Xn—l’vo) +W (VO’ X n—l)]

<%[vv (X, Vo) +W vy, x, )] >0

Similarly W(u,, X,) — 0. Thus it follows from the condition b in lemma (1.4).
That U, — V,. Since T (V,) is closed, we get V, € T(V,) .

Definition 2.3
A multivalued map T : X — 2% s called a non commutative K -map if there

1
exist a non negative number h e (O,Z) and ifM < X, VX, Yy € M there exist

ueT(x), veT(y) such that
maxfw (u,v),w (v,u)}<hw (x,u)+w (u,x)+w (y,v)+w ,y)]

Theorem 2.4
Let T:M — CL(M) be a non commutative K, -map such that

inffw (x,u)+w (U, x)+w (X, Tx)+w (Tx,x):x e X }>0
Forevery Ue X with ugT(u). Then T has a fixed point.

Proof .
Let U, € M be arbitrary and U, € T (U,) be fixed. Since T is a non commutative

k,, -map there exists U, € T (U,) such that
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maX{W (ul’UZ)’W (uZ’ul)}S h{W (uO’ul) +W (ul’uO) +W (ul7u2) +W (u27ul)}

If max{w(u,,u,),w(u,,u,)}=w(u,,u,), then
W (U, U,) < W (Uo,Uy) +W (Uy,Ug) +W (Uy,U,) +W (U,,u,)}
Then
(1_h)‘N (ul’uz) < h{W (uO’ul) +W (Ul,UO)+W (u2’ul)} (1)
But W (U,,u,) <h{w (u,u,)+w (u,,u,)+w (u,,u,)+w (u,,u,)}
Then (1-h)w (u,,u,) <h{w (u,,u,)+w (u,,u,)+w (u,u,)}

And we get W (U,,u,) < ﬁ{w (ug,u,)+w (Ugy,u,) +w (u,,uy)} (2)

From inequalities (1) and (2) we have
@-hw (u,,u,) <h{w (u,,u,)+w (ul,u0)+(lf—h){w (Ug,u,) +w (Ug,u) +w (U, u)}}

After some calculations, we get

Wit U,) s(Lj[wwo,umw(uyuo)]

1-2h

Butsince 0< h <1,Iet k= L

1-2h) 2 1-2h
So we have w(u,,u,) < k[w(u,,u,) +w(u,, u,)] ®)
Similarly if max{w(u,,u,), w(u,,u,)}=w(u,,u,),
we get w(u,,u,) <k[w(u,,u,)+w(u,,u,)]
4)
Also we have

max{w (Up,ug),w (Ug,up)}<h{w (Uy,up) +w (Uy,uy) +w (Uy,ug) +w (Ug,u,)}
Now if max{w(u,,u,), w(u,,u,)}=w(u,,u,),
then W (U,,u;) <h{w (u,u,)+w (u,,u,) +w (U,,u,) +w (u,,u,)}
From inequalities (3), (4), we have

(1_h)W (uz’ua) < h{W (ul’uz) +W (u2’ul) +W (usvuz)}
We get @=hw (u,,u;) <h{2k W (Ug,u,) +w (U, Ug)]+wW (Ug,u,)}
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Also, we have
W (Ug,up) <h{w (Uy,ug) +w (Ug,up) +w (Uy,u,) +w (U,,U,)}
Then  (1—h)w (u,,u,) <h{w (U,,u;) +2K W (U,,u,) +w (U, u,)]}

From which ~ w (U,,u,) < ﬁ{w (u,,ug)+2K [w (ug,u,) +w (uy,u, )]}
So

(1_h)W (UZ,U3) < h{2k [W (UO’ul) +w (ul’uo)] +Ww (U3,U2)}

< 2K (000 49 0001+ 0 0,00+ 2K B0 00) o 0,00

Then

(11—_2hh JW (U,,u,) <h{2k w (ugy,u,) +w (ul,uo)]+(%j[w (Ug,U,) +W (U,, U1}

So, we get

1-h 2kh
w (uz,us)s(mj[ﬁj[w UyoUy) +W Uy Ug)]

W(U 1) < [%j[w(uo,uo W)

W(U,,U,) < 2k2[W(uo Up) +w(uy, Ug)]
Similarly if max{w(u,, u,), w(us,u,)}=w(U,,U,), then

W(Us, U,) < 2K [w(u,, Uy ) +W(Uy, U,)]
Also, we have

w (u3’u4) < h{W (u2’u3) +W (u3’u2) +W (u3’u4) +W (u4’u3)}

From which

(@=hw (Ug,u,) <h{aK *w (Ug, ;) +W (Uy,Ug)]+W (U4,U;)}
But

w (u4’u3) < (%j{w (US,U4) +4k 2[W (UO’ul) +W (Uliuo)]}
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Then
A-hw (u,,u,) <h{dk *[w (U,,u,)+w (U, uy)]+
(1hhj{w(u3,u4)+4k W ug,u,)+w (u,u )13}
2 i) < [4"2hj[w(uo,ul)+w(ul,uo)]
Then

(U3, U,) < AKTW(Uy, Uy) + WUy, Up)]

By induction, we get  W(U_,U_,) < 2" K"[W(U,,U,) +W(u,,U,)]

To prove that the sequence {un} is a Cauchy sequence, let m > n arbitrary, then
W(un7um)SW (un’un+1)+w (un+1’ n+2)+ W (um 1’ )
<[2"7K" +2"K "+ 2" Pk M W (U, U)W (U, Ug)]

< 2n—1k n [1+ 2k ...+ 2m—n71k mfnfl]ISN (UO,Ul) +W (ul;UO)]

2n—lkn
< ( T ][W(UO, Up) +W(uy, Ug)]

Similarly

w(u,,u,) < [in_lzkkn ][W(Ul, Uy) +W(u,, u,)]

So {un} is a Cauchy sequence. Since X is complete, then there exists V, € X
such that U, >V, € X , M being closed we have V, € M . Let nel]l be

fixed. Since U, =V, and W(U,,.) is a lower semicontinuous, we get
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n-1p, n

1-2k

][W (uO'ul) +w (ul'UO)]

w (U, .v,) < liminfw (u,,u,) g(

Similarly
n-1j, n

1-2k

w (,,u,)<liminfw (um,un)s(

j[W (Uy,Uq) +w (Ug,uy)]

So w(u,,V,) =0 and W(Vy,u,) >0 as n— o .
Now, we want to prove that Vi, € T(V,) by contradiction. Assume that
V, & T (V,) . Then by hypothesis we have
O<inffw u,v,)+w (v u)+w U, Tu)+w (Tu,u):u eX}
<inffw (u,,v,)+w V,u,)+w U, Tu,)+w [u,u,):nell}

<infw (u,.vy)+w ,u,)+wu,u,)+w@,,u,):nel}

-2k

2" K "W (Ug,Uy) +W (U, U )]+ 2" K "W (U, Ug) +W (Ug,u)]}=0

. 2n—1kn 2n—lkn
< mf{( 12k J[W (Ug,u,) +w (u11uo)]+[ 1 j[w Uy, Ug) +W (Ug,uy)]+

Which is impossible and hence V, € T (V,) .
Theorem 2.5

Each non commutative K, -multivalued map T:M — CL(M) has a
fixed point provided that for any iterative sequence {U.} in M with
U, >V, € M. The sequence of real numbers {W(Vv,,u,)}and {w(u,,v,)}
converges to zero.

Proof .
From the proof of the previous theorem. There exists a convergent iterative

sequence {U, } such that U, =V, € M with
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n-1 n
wu,,Vv,) < liminfw (un,um)s(1 T j[vv(uo,ul)+w (u,ul
Similarly
n-11, n
wl,u,)< Iiminfw(um,un)g(1 K J[W (u,ug)+w (ug,u,)]
And
W(un ' un+1) < 2n_lkn[W(uo’ ul) +W(u1’ uo)]
Similarly
w(U,,,,U,) < 2" K"Tw(u,, Uy) +W(Uy, U,)]
Where

1-2h
since U, €T(u,,)and T is a non commutative K, -multivalued-map, there is

Vv, €T(V,) such that

h 1
k= <—. Note that w(u,,V,) — Oand w(v,,u,) — 0. Further,
2 n—oo n—oo

maxfw (u,,v,)w,,u)}<hfw @, u,)+w@,u, )+wlyv,)+w v, v,)}
If max{w(u,,v,),w(v,,u,)}=w(u,,V,), then

w (un’vn) < h{W (un—l’un)+w (un’un—l) W (VO7Vn)+W (Vn7VO)}
S h{W (un—l’un)+w (un'un—l)+W (VO’un)+W (un’vn)+W (Vn’un)+W (un’VO)}

(1_h)N (un’vn) < h{W (un—l’un)+w (un'un—l)_HN (VO'un)+W (\/n’un)+w (un’vo)}

But
w (Vn’un) < h{W (V07Vn)+W (Vn7VO) +W (un—l’un)+W (un1un—1)}

<hfw,u,)+w @, v,)+w, ,u,)+w U, v,)+w U, u,)+w@U,u, )}

W00, S 0 J0 000, 40 0,040 0, 00) 40 0,0 40 0,0, )

0,0, 5 0 1050 00, 00,0, 0 (0,0 )0
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Similarly if max{w(u,,v.),w(v,,u )}=w(v_,u,), then

h
w,u,)< [mj{w U, ve)+wvyu)+w@u,,u, )+w@u,,;u,)}—>0
Thus w(u,,v,) = 0 and w(u,,v,) — 0 , from lemma 1.4 (b), we get
nN—0 N—o0
vV, =V,
Similarly for w(v,,u,) > 0 and w(vy,u,) >0  which implies
n—oo N—o0
vV, =V,

Since V,, € T(V,) which is closed, thenV, €T (v,) .

Now, we prove the existence of a common fixed point for non commutative
k,, -multivalued map.

Theorem 2.6
Let {T,} be a sequence of multivalued maps of M into CL(M) .

1
Suppose that there exists a constant 0 < h < 2 such that for any T;,T; €{T,} and

forany Xe M, U€T(X). Thereexists Ve T,(y) forall y e M with
max{w (u,v),w (v,u)}<hfw (x,u)+w (u,x)+w (y,v)+w (v,y)}
And foreach n>1
inffw (x,u)+w (u,x)+w (X, T, (x))+w (T, (X),X):x eX }>0.
Forany U T, (u). Then {T,} hasacommon fixed point.

Proof .
Let U, be an arbitrary element of M and let U, €T (U,). Then there is

u, € T,(u,), such that

aw(u,,u,) < (ﬁ} [w(u,, u, ) +w(uy, )]

1
<_
1-2h 2

But 0<
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Then put k = 1 h ; and we get  W(u,,u,) < k[w(u,,u,) +w(u,u,)]

Similarly
W(u2 ! ul) S k[W(ul’ uO) + W(UO ! ul)]

So there exists a sequence {U, } such that u.,, €T ,(u, ) andforall n>1.
From theorem (2.4)

w(u,,U,,;) < 2n_lkn[W(uo’ U;) +w(u;, Ug)]
And

W(U 1, U, ) < 27K [W(Uy, Ug) +W(Uo, Uy )]
forall N >1. Then {U,} is a Cauchy sequence in X .
Let limu,=peM . We show that pe rQlT” (p). Let T, be an arbitrary

member of {T.}. Since U, €T (U, ,), by hypothesis there is S, €T (p) such
that

w (un ’sn) < ﬁ {W (un—l’un)+w (un’un—l) +W (pisn)+W (Sn’ p)}
And
_h
1-2h

We proceed as in the proof of Theorem 3.2 and we get

w(s,,u,)< {w(s,,p)+w (p,s,)+w (u,,u,,)+w (U, ;,u,)}

n-11, n

1-2k

][W (UO’ul) +W (ul’UO)]

wUu,,p)<liminfw (u,,u,) g(

And

n-1p, n

1-2k

][W Uy, Ug) +W (Ug,u,)]

w (p,u,) < liminfw (u,u,) S[

Now assume that P & T, () . Then, by hypothesis and for N >m and m>1 we
have

O<inffw (u, p)+w (p,u)+w U, T, u)+w (T, u,u):ueX}
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<inffw (u,, ,, p)+w(p,u, )+w @, , T, U, N+w T, U, )u,,): mel}
< Inf{W (um—li p)+W (pium—l) tW (um—l’um)+w (um 'um—l) -Mme D}
] 2m—2k m-1 2m—2k m-1
< mf{(wJ[\N (Ug,u;) +W (ul’uo)]+(Wj[W (Uy,up) +W (Ug,uy)]
+2" 2K "W (U, Uy) W (U, U]+ 27 2K MW (U, U)W (Ug,u,)]F=0

Which is impossible and hence p€T_(p). But T, is an arbitrary; hence
P isa common fixed point.
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