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Abstract

A new formulation based on fractional parentage method is developed in order to account for orbital
and spin current densities of rare earth (RE) f-electron shells as well as the consequently resulting
magnetic hyperfine field (HMF). We have derived multipole expansions of spin and orbital current
densities in terms of vector spherical harmonics. Orbital and spin contributions to HMF were
subsequently calculated for ground states of Nd** free ion and Nd** ion subjected to hypothetical
octahedral crystal fields (CF). The validity of the model was tested through calculating the HMF's
of Nd** atoms in NdGaOs tetragonal perovskite crystal, where, the results obtained for total HMF

therein were in good agreement with result obtained using DFT based ab initio approach.
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1. Introduction
Hyperfine fields represent one of the most important aspects that has been subjected to intensive
investigation for many decades, as they provide an effective tool to probe the nuclear environment

and obtain important information about the properties of the atom and ion.
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Multipole formulation hyperfine electric and magnetic field in terms of spherical tensors has been a
powerful method that allows calculations of magnetic properties for different practical case and a
subject of theoretical interests for researchers, as an example for studies where this technique is
implemented is the investigation carried out by Kusunose [1] where the author could obtain
multipole expressions for electric and magnetic field of f-electron shells of RE ions in terms of
vector spherical harmonics. To calculate matrix elements, the author has employed expansions of
fields in terms of stevens’ operator equivalents. Starting from multipolar formulation of atomic
current densities, Ayuel and Zakaria [2] have proposed a scheme to estimate atomic current densities
and their contribution to magnetic fields of transitional metal ions at the nucleus sites. The formulae
obtained therein were applied to free Fe?* ion and Fe?* ion in FeF, compound. The results obtained
for free ion case were in good agreement with the those of FeF, and well agreed with pervious
experimental findings for effective atomic radius of Fe*" ion ~ 3.0 a. u. Lali¢ et. al. [3] have used
first-principles full potential linearized augmented plane-wave approximation to determine the
orbital and spin contributions to HMF of Ce** in Celns compounds. Calculated values of hyperfine
fields in Ce*" and In" are in good agreement with experimental measurements at low temperature
and HMF at Ce site are dominated by 4f-orbital contribution. The appearance of small HMF at In
site is attributed to spin polarization of In Sp-electron resulting from hybridization with valence

electrons of Ce.

In order to understand the magnetic properties of RE ions, extensive experimental and theoretical
research effort have been put on the effects of CF on the ground states of 4f-electronic shell in RE

ion, albeit, a systematic formalism to account for CF effect on HMF, in particular, is so far needed.

Since the Hyperfine structure results from interaction between electronic and nuclear magnetic
fields, most important magnetic fields are due to electrons in the partially filled 3d or 4f-electron
shells. Due to complete or partial quenching of the Russel-Saunders’s ground state in addition to
electron state hybridization, the 3d orbital magnetic moments are negligible so that 3d -electrons
exhibit mostly spin magnetic moments. On the other hand, 4f-electrons of RE elements are
localized withing the atomic core so that it is important to consider both orbital and spin magnetic
fields when studying magnetic hyperfine structures of RE atoms [4]. Neglecting other effect
influencing hyperfine structure of RE nuclei such as Fermi contact which is the term due to

polarization of core electrons, we can express the magnetic field B,y at the nucleus site as [5]:

B.s = —EL2(J|IN|])r %) (1)
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Where J and r is are respectively the total angular momentum and radial coordinate of f-electron,
Uo is the magnetic permeability of free space and pp stands for Bohr magneton. The symbol N is
defined by the following expression :

N:z(li—si+3%> )

i

where [;, s; and r; are the orbital angular momentum, spin angular momentum and position of 4f-
electron, respectively. The case of free RE tri-positive ion was effectively addressed utilizing the
aforementioned approach [5], nevertheless, calculation of magnetic fields of 4f-electron in RE
electron subjected to crystalline environment requires a thorough treatment. However, the tensor
operator formalism has been successfully used as a powerful tool for calculating magnetic current
densities and is therefore expected to render equally successful results for HMF due to atomic

electron currents.

In the current study, we aim at employing a tensor operator-based formalism to develop general
expressions and conduct calculations for HMF for free RE ion as well as RE ions subjected to a
hypothetically octahedral CF. The validity and accuracy of the new approach is tested by finally

applying it to practical cases of RE containing tetragonal perovskites.

The remainder of this paper is organized as follows: In Section 2., a complete account of atomic
current densities, magnetic fields and HMF's is given, where formulation in terms of vector spherical
harmonics is demonstrated. Section 3., contains the results of applications of the developed
formalism to estimate HMF’s for some particular eigenstates of tripositive RE free ion and ions
subjected to octahedral CF's. Section 3. is concluded by application of the method to calculated the
current densities and HMF's of Nd** ions in NdGaOs tetragonal perovskite. In section 4., the

conclusion drawn on the validity and limitation of the suggested model are briefly presented.

2. Method and Formulation:

An appropriate method for representing multipoles mathematically is three-dimensional Cartesian
tensors of increasing rank, where monopoles (scalars) are represented by zeroth-rank tensors while
dipoles (vectors) are represented by tensors of rank 1 and quadrupoles by tensors of rank 2 e.t.c. [6].
The transformation behavior of each of these quantities is determined by its tensor nature, even

though the frame of reference varies depending on the application. The multipole expansion of
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scalar functions frequently starts with spherical harmonics as a foundation. The Clebsch-Gordan

expansion incorporates the spherical harmonics' most valuable characteristic, that is [8].

21+1)(2I'+1) k
Yim(6,8)Yom: (6, 0) = Tiq /m CioroCimpm Yim (6, 0) 3)

Where the (21 + 1) spherical harmonics of degree / provide the basis for the representation of the
rotation group of order (21 + 1). This method also ensures that the derivatives of ¥;,,(8, @) with
respect to the angular variables gives a linear combination of spherical harmonics of the same degree
l, so that there is a finite number of terms in the expansion of the product of two spherical harmonics

which satisfy some selection rules. The triangle rule is one of the selection rules included in the

Clebsch-Gordan coefficients C*?

mrme> Lhis says that, it must be possible to create a triangle with

sides of length [,[" and k otherwise C kq

mrm = 0. Utilizing such properties has allowed feasible
representation and subsequently easy calculation of scalars such as electronic charge density and
resulting potentials. However, similar forms for vector can analogously be obtained in terms of

vector spherical harmonics.

Therefore, to examine the atomic currents and magnetic fields we have made extensive use of the
concept of vector spherical harmonics, where we follow definitions 's and notations proposed by

Varshalovich et. al. [7].

2.1 Multiple Expansion of The Orbital Current Density

we'll use the more elegant formalism proposed by Ayuel [8], which is based on tensor operator
formalism and Racah algebra, since this formalism allows for a more powerful analytical tool when
dealing with tensor operators of order 1 (vectors such as current densities and magnetic field) which
are frequently encountered when magnetic vector potential, atomic magnetization, and other aspects
of atomic magnetism are studied. The procedure ensues breaking down the current density into
components with different transformation properties. We begin by defining the atomic orbital
current density J°(r), which is defined in the non-relativistic limit of the Dirac equation in the

absence of an external field as [5].
Jor) = % [ '—7r)P+PS{F —1)] (4

Expanding the Dirac ¢ function § (r "— r) in terms of spherical harmonics we have [9]
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S(F —1) =% 8(F —1) Zim (6, 0)VL(6, b) 5)
we get

J°(r) = 5= Tkgl 80 =1V (@P + PS(F — 1) T (n)]YS (8r) (6)

2me 12
where the operator P is defined by:
P =—ihfe;—+:7p] (7)
And 7, is the angular part of the V,, operator defined as follows

= 0 A~ 1 0 A
V'Q —569 +sin'£e‘i’ (8)

The angular components of J° will therefore be represented by rank k tensors ¥¥) and vectors &,
and V, , which are actually rank 1 tensors. Recognizing the fact that j° operator is independent of
spin (ie it doesn’t act on the spin space), then its matrix element between single electron eigenstates

|nlsm;ymg) and |hi§rhlrhs) can be written [7]

(rlsmums o (r)[istuths) = 22 Bicq { (R 2 = T2 Ry ) x (Il @¥E | i) +
PR (1| (26 + U ) Yo+ Vi Vg i)} v (9)

In equation (8), the single electron eigen states are approximated by a Hydrogen-like wave function
|nlsmymg) = Ry (r)Y4H(0, ) E m5> where separation of radial, angular and spin part of the

electron wave function is guaranteed and R,,; (1) is radial part of the wave function.

The direct product of two tensor operators is defined as the spherical tensor X*¥ with (2k; +

1)(2k, + 1) componentsX éK). So that, with k, = 1 and hence u = 0, =/ , X g is defined according

to the relation:
T¥TE = Tkt (qulk1KQ)XY (10)

The general formula (10) is used to extend the tensor products of tensors encountered in equation
(9), while the products of opposite order are pulled together using the symmetry features of the
Clebsch-Gordan coefficients depicted in the corresponding 3-j symbols [7]. Making appropriate
substitution of the components of vector spherical harmonics as defined in terms of spherical

harmonics and the Clebsch-Gordan coefficients [10] and using the Wigner-Eckart theorem [11], the
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matrix elements of the p-th component orbital current density between two single electron

eigenstates may then be written in the multipole form

(nismymg|j°(r) |Aalsthyrhg) = (—D™ ™ dug 3k {(Rnl dg:” - dg:l Rr’li) X

(It ces B+ #2528+ b+
| el — iy [T
(_1)k—k—1 <l |Y(k) R (V_(z)(l) ](k)| |l> ]}( m;m,; lel | ml>[ kmz ml]# (11)

The orbital current density is then expressed in terms of these multipolar components as follows
N
J°() = s Tueg DGO WY () (12)

where (]“")gk)(k) are the multipolar components of the orbital current density. The problem then

reduces to obtaining an expression for the matrix elements of these components between two
eigenstates of a single electors and then to obtain a generalized expression for the case of n-electron

shell.

Substituting the reduced matrix elements of vectors &, , V, and Y* as given respectively by

equations (A. 46), (A.47) and (A.48) of reference [16], the reduced matrix element

<
(]

R“R"l{[k k, l] (1D i + A+ DD ] + CDEERYk k, l] 1D e + (1 + 1)Dyge }] (13)

)(k) (k)| |nl> can be expressed as

G2 0| [Al) = (~niir L[k (D7~ D] X (R st~ Lot )

ni ar ar

Where

-

i k k(1 k 1+1
DL ,=\j1 20+1+1 21+1+2{ }( - ) 14
Likk 2( +1)( +2) Il I+1 D\0 O 0 (4

Substituting the explicit expression for the 6-j symbol and making use of the recursion relation

(2.23) of reference [12] for the 3-j symbols in equation (14) we have for the case k = k

(nl||(i°)(k)(k)||ﬁ[) _ (_1)12 i RpiRyj % (2k+1)i+1) (2i+1)(I+1+k+1)(I+1- 1)] {[(l I+ F+

N F(fk+1)
(O 3] (e B (B A9 SV (B W) (O -1 (15)
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It is straight forward to obtain similar for the two important cases k = k + 1and k = k — 1

In the case of diagonal matrix elements (i.e. # = n and [ = I the none diagonal matrix elements of
equations. (13) and (15) will vanish, so that within an (n, /) manifold, the multipole expansion of

orbital current density involves only the k = k term i. e.

JOr) = ptp Ters, L (1D GOPYE, (16)

The reduced matrix element (nl||(7°)*||nl) is given by [13]

L 1 Lleuken@i-k Ry (L kK 1—1
Al) = (D' + DIk (PR A (8 ) (17)

The above form for orbital current density can be generalized to the case of n-electrons by summing

(]G]

the over electron using Racah single particle fractional parentage method [12], For a system n-
electrons we can sum up such a single particle operator f to form the N-particle operator

FN—electron _ 2:1 f(l)

So that, by using the expression for the reduced matrix element of the Racah unit double tensor

operator W (k1 for the outer product of two tensor of orders k; and k, as defined by equation

(47) of reference [12]. The orbital current density for ground state of n-electron system can now be

evaluated according to the formula

~,n—electron

je = V2t Thieg(~DAIK T2 (nl|| GO

s

|6]) YE_s (@) (18)

i) o 0

In equation (18) the definition of a single electron reduced matrix element of a tensor operator of

rank 0 in the spin space is recognized as <s| |T(°) | |s> =+/2s + 1 [14].

2.2 Multipole expansion of spin current density

The relation between the spin current density operator (J*)and the spin density operator §(r) is [10]
(W [J5|#) = —ugV x (P|6F —0)|¥) =V x (¥|s(r) |¥) (19)

where §(r) is the single electron spin density operator. We start by witting the spin density operator
in terms of multipole expansion in order to generate a multipole form for the spin current density
operator. For a single electron, we can express the spin density operator in terms of the Pauli spin

matrices @ as follows [14]

S(r) =pug6(r—r)é (20)
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The first step is to expand the Dirac J-function in terms of spherical harmonics according to equation

(5), the spin density operator may hence be rewritten in the form

25 6(F — 1) TiglVf (8)B1YS (8r) Q1)

Being a spherical tensor of rank 1, §(r) can hence be repressed in component form

s(r) =

3‘;(11) (r) = _r# E(F — 1) Yiql V¥ (ér’)au]qu*(ér) 22

Once again, we make use of component form (5) of the vector spherical harmonics Yi’:—q so that,

for the particle designated by (4), equation (22) can be reformed as follows:

ars —k+610 . ~ (R

8(0) = E2.8(r; — 1) Tiieg (D PO (4) @ 6D ()] Y, (23)
The reduced matrix element of the spin density operator § between tow spin-orbit coupled
eigenstates can now be deduced using reduced matrix elements already described for &, , V,, and
Yk together with the fact that for a single electron, $ = s =% . Therefore, <%||(§)1||%> =6,

hence, the reduced matrix element of the spin density operator between two single electron

eigenstates is given by

(U1 ok
<nl%j||§(k)(k)||ﬁf%j>=(—l)i"k(\/%){U]U][k][”c][l][l’]}g (f) . f,) 2 i S (24)
J

where n is the principal quantum number. The matrix elements of the spin current density can be

derived from the spin density operator by applying equation (19) to get:

1. s 11
<nl;1mj ]S(r)|nlE]m]> =

yemse i (1 K I i ls® o i) Y
(=17 T (1) (_mj mem m}) nl 2|8 CO|[RI5H) V X Ra R ¥y e, 25)

To find the curl in equation (25) above, we make use of equation (55) of reference [7].

To generalize to the case of N-clectron, we start by summing the single electron spin density operator
defined in equation (23) over all electrons in the shell [14]. The matrix element(B I M, |§|9 M ]> of
the spin density operator S between tow spin-orbit coupled eigenstates of N-electron can now be

determined substituting reduced matrix element of the spherical harmonic by equations (A. 46),

(A.47) and (A.48) of reference [12].
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(0] M,|S|6] M) = (—1)H+M+L L2 (21 + 1)R, x

V2m
S Zemen (6 D)0 M w40 1) E 26)

Where q = M; — M] . The matrix element <9 Ji M]|Vl/q(1’k)k|é J M]> can be evaluated using the

Wigner-Eckart theorem, so that we get:

ponn) - o & )

~ O
~ o~
—_

k(e[ o]6) (27)
Ji k
For the case of 4fN — electrons we should consider only the terms in equation (27) corresponding
to k =1,3and 5 and k = 0,2, 4 and 6 which is imposed by symmetry properties of the 3-j and
the 9-j symbols found therein. The problem has now reduced to calculating the reduced matrix
element of the unit double tensor operator (9||W(1'k)||é> , here we resort to fractional method

described by Statsis and Deckman [15] .

We may now substitute all expression involved into equation (19). Recognizing that the dependence
of Ry,;(r) and hence its derivatives on » will not differ from the case of a single electron, it follows
that the matrix element of the spin current density may appropriately be expanded in term of vector

spherical harmonics, so that we finally get:

M6 ] M) = 4;(—1)”“1%(21 + 1) X L k=ret1 (l k l) (k : kl) [ic]

0] M
(0 M, 0 0 o/\o 1

d . Bkl A ¢ o\ i
411k + Dk~ k) + 31582 (91 My w0 ] M,)Y,’g_q (28)

2.3 Formulation of magnetic hyperfine fields

The current density at any point surrounding the nucleus is of relevance when dealing with the
magnetism of atoms, since the magnetic field at atomic sites strongly depend on these currents

according to the classical Biot-Savart’s law

r—r

B(r) = 2 [J () x5 dr (29)

|lr—7|3
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of

F
|3

the integrand in terms spherical harmonics and substituting total atomic current density Considering

The magnetic field B(r) in equation (29) can easily be calculated by expanding the part |rr—_+
J(r) as the total atomic current density composed of orbital and spin current densities. The total
hyperfine field can be separated into magnetic fields B°(r) due to orbital currents and B*(r) due

to spin current.

With the absence of external fields, the Hamiltonian representing the electrons exhibits rotational
invariance at the position of the nucleus r = 0, hence the magnetic field at the nucleus sites can be

attributed to atomic current densities.

We consider the 4f-electron ground state |¥) to be a linear combination of the spin coupled
eigenstates |9 | M,) (e |[¥) = ZM] Cu, |6] M, )) , The orbital current density can then be

expressed in the parametric form

RZ
20 Zi(odd):l a; Rz%fykko 6,9) (30)

T

0y — B
] (1") - N
A similar form can be obtained for the spin current density J°, that is:

i d Ci
F@) =Y aaymr @i (i + ) RE (Y5 (0,0) 31)
Where R4f(7) is the radial part of the eigenfunction |9 I M, ) Calculated values of the coefficients
a; of equation (30) as well as the set of coefficients a; ,b; and c; of (31) are presented in Tables 3

and 4 respectively.

Each of B°(r) and B*(r) can be determined in view of the following definition for spherical waves
[7].

1
Vim =k (2) bikr)YE, (6,) (32)
Where b;(kr) is the spherical Bessel function, whereof, the series expansion starts at the term with
power / for the function argument, hence

()}
Qi+

klrllno bi(kr) = (33)

It follow from (33) that, the multipole term in the expansion of the current density operator which

does not vanish is that which contains Yloq , as multipole component with higher rank should tend to
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vanish at this limit [9]. Besides, we have k = 1,q = 0 is the only term contributing to dipole term,

hence M; — Mj = 0, so that
MM ; . 2 poo M;Mj; ., ,
Bl(f '(r) = lllo\/; frf:()]l({ T (F) dr Y100(9:¢) (34)

- M;M; . . . .
The remaining components ],/ of the orbital current density orbital are then given by

M;M; REf(F) M;M
]10 ]( )_1\1/%3 4]; CM] 7 (35)
Similarly, the spin current density will maintain the components

M] LI,LB M]M] M]M] d C:II_WJM] 2 ,
]10 ( ) CM] b1 + R4-f(r) (36)

Substituting ]iw ({Mj () from equations (35) and (36) into equation (34) and considering values of
Uo =4m X 1077 Tm/A andpug = 9.274 X 1072* Am™! we get respectively, the orbital and spin

contributions to the total hyperfine magnetic field as

BM]MI 12. SlstM] 1]M] fooR4f(T) dr e e, (37)

o

MM]

J
BM = 12, 515\[ch e ( by L+ B > R%(F)df &, (38)

The integrals in equations (37) and (38) can be evaluating making use of the approximation

[e%e) R4f(T)

described in reference [16] as fr d7 = (r~3), hence

B = 12, 515\[0,”] WMty e, (39)
and

MM M; MM _

B.’ ’_12515\[% 1’ e, r3) e, (40)

Values of (r~3) for some rare earth element are tabulated by Freeman, A. J., and Watson [16].
3. Results and discussion

3.1 Racah parameters and current densities for free Nd** ion
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Calculation of matrix element of the Racah unit double tensor operators qu for fully colinear
ground states |L, S, M; =] ) of free rare earth ions was conducted using equation (17). To account
for orbital current density (J°), only Wg within the range 1 < k < 2 — 1 is used where the 3;-
symbol in equation (28) imposes the condition that & should be odd. Upon applying the Wigner —
Eckart theorem, the problem reduces to calculating the reduced matrix elements (GH WOk | |9)
which was done using a special procedure according to the general formula (55) described in
reference [15]. The values of (9” w©k) | |9) for all for Nd3* elements are presented in Table 1. On
the other hand calculation of the spin current density should necessarily require the calculation of
Wq(l‘k)k in the range 1 < k <2l —1where K’ = k+ 1, k— 1, this is imposed by condition of
equation (28) as dictated by the nature of spin current density which is a double tenor operator
defined in spin space of dimension 1 and orbital space of dimension k. It once again important to
account for the reduced matrix elements. The values of <9|| W | |9> for all tri-positive free RE
ions are tabulated in Table 2.

Table 1: The reduced matrix elements <9|| wL | |9) of the Racah double tensor WO(O'D for

Nd3+
Ion stat W©00 O w©.2) w©.3) w04 w©5 w6
e
3+ 3 3 N 1 2 2 1 5
Nd* 4f° 2 g8z V39 2145 —ZV3003 —— 221 — V14586 —— 176358
7 33 33 11 33 231
Table 2: The reduced matrix elements <9|| w@k | |9) of the Racah double tensor WO(I’k) for
Nd3+
Ion State w0 w12 wl w16
3+ 3 1 5 2 5
Nd 4f 7\/2730 §\/143 —£\/3315 mv293930

As for current densities, a parameterized form is given by equation (30) for orbital part of the current
density in terms of the vector spherical harmonics Y. It is sufficient to calculate the expansion
parameter (a;), for odd indices k = 1,3, and 5. Although exact forms of vector spherical harmonics
are readily available [17], the use of a special procedure based on their definition in terms of
Clebsch-Gordan coefficients is more profitable as far as complete calculation is required. The

transformation relation from covariant spherical to polar components of a vector is given below
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—sin(@)e? sin(9)e™i®
vz @ T\ L
Ay 9)ei® 9)e—i® A
AB - | —cos(0)e —sin(@) cos(0)e | AO (41)
V2 V2 _1
Ag —iel® ie-i® / A
V2 0 V2

then we can determine the exact value of (f ") for spherical space and consequently for Cartesian

space (1, 8, ©), by appropriate transformation (30). Values of («;), for all RE elements are given in

Table 3.
Similarly, the spin current density (f $ ) are expanded in terms of the vector spherical harmonics Y
according to equation (31) where we need the three parameters , b; and ¢; corresponding to each

spherical component /5. Here we have b; = a;b; and ¢; = a;c;. These parameters are presented in

Table 4.

Table 3: expansion parameters a; of Orbital current density of equation (30) for fully colinear

ground states of Nd** ions:

Elemen aq as asg

t

N 3.957478436 0.6443058217 0.1409735325
d

Table 4:
expansion parameters b; and C; of spin current density of equation (31) for fully colinear ground

states of Nd>* ions

Element Cl bl C3 b3

Nd —1.072916995 —0.2125590273 —-0.04325766424 —0.017889051
Element Cs bs C, b,

Nd —0.1034256635 —0.8905590321 0.006120240559 —0.03672144335

3.2 Hyperfine magnetic fields for Nd3* free ion

Since they are vector (tensors of rank 1), The HMF's B°due to orbital currents and B*due to spin
currents were formulated in terms of vector spherical harmonics according to equation (39) and
(40) and afterwards transformed into their cartesian counterparts. The approximate value (r~3) =
5.127 agy? for 4f-electron Nd*" where a, stands for Bohr radius is extracted from Table 4 of

86
JQUS: Vol. 2, Issue 1, 74-93



reference [16]. However, we have observed that, it is only the z- component of each of B° and B®

that doesn’t vanish.

Table 5: The orbital and spin contribution to HMF's B®, B* in units of Tesla for Nd** free ions.
Ton B° B® Br
Nd 243.8490646 —13.09730951  230.7517551

3.2 Hyperfine magnetic fields for Nd3* ion subjected to cubic crystal field

It is well known that 4felectrons of a RE elements are deeply located withing the core of the RE
atom and therefore electrostatically shielded from crystalline environment by Js valence electrons
this gives rise to weak CF interaction, that means CF Hamiltonian is considered as perturbation on
the Hamiltonian containing the spin-orbit coupling contribution H,, making a good quantum
number of total angular momentum (J). The CF Hamiltonian for octahedral ligand configuration
is given by [18]:

HCf = qu quokq (42)
Where By, are the crystal field parameters (CFP’s) and Oy, are the so called stevens operator
equivalents. The CFP’s are approximated by stevens [ 19] according to the following scheme [17]:
The (2] + 1) X (2] + 1) matrix is written down for each J-manifold using the operator equivalent
matrix elements listed in Tables 2-4 of reference [19]. These tables include factors that are present
in all matrix elements, F(6) and F(4), these factors are segregated in the current computation to
preserve the eigenvalues to within the same numerical range for all fourth and sixth degree term

ratios [18]. The CF Hamiltonian is then given by:

— 04 06
H = B,F(4) ) + BoF(6) 76 (43)
Where
0, = [02 + 5.02] and 04 = [og — 21-02] (44)

And B, , B are weighted CFP’s. To account for all possible ratio, between the terms of the fourth

and sixth degrees, a weight function W is used such that

B,F(4) = W, (45)
BeF (6) = Wi px)) (46)
Where x is a scaling factor so thatx —1 < x < +1

Consequently,

Bu_ x| F@©

Be  1-lx| F(4) (47)
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So that 2 = 0 for x = 0 while 2% = too forx = +1
Be Be
Equation (42) can now be rewritten in the following form:

H=Wx(55) + (1= |x) (2] (48)

F(4) F(6)

The eigenvalues are connected to the CF energy levels. And the term in square brackets denotes a
matrix whose eigenvectors correspond to the most common combination of fourth and sixth-
degree CF terms [19]. Based on the scheme described above, the ground state of RE ions in
Octahedral symmetry is given as linear combination of the degenerate eigenstates ( | Jj mj> ) of free
ion so that:

YO =¥, C; 1] my) (49)
Where C; is a cross term coffiecient resulting from CF splitting.

Diagonalization of the CF term of the effective Hamiltonian have rendered the ground states for

Nd** ions in Octahedral CF as given below:
(On) = 27\ _ 21 22
YOO (Nd) = 0.9531 |2 2> 0.298 |2 2> +0.054 3 2> (50)

The ground state function 1 (°n) as described by equation (50) was substituted in equations (30)
and (31) to determine the orbital and spin parts of the atomic current densities for Nd in octahedral
CF's for a fixed approximate 4f-electron radial coordinate » and various angular coordinates
((6,9). The angular variations thus accounted for is illustrated in Figures (1) and (2). It is to be
noted here that the only none-vanishing component of both current densities is that in the ¢-
direction as J/, = Jo = 0 , ]y # O for all value of (6, ). because if J, or Jo # 0 this will

contradict the physical reality, That the electron should not fall into nucleus.
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Figure 1: (a) Orbital and (b) spin current densities for free Nd**
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Figure 2: (a) Orbital and (b) spin current densities for Nd** in cubic CF.

Values of orbital, spin and total HMF's calculated according to equation (39) and (40) are enlisted
in Table (7). As compared with those obtained for the case of free ions, it is observed that the
advent of octahedral CF tends to increase the magnitude of both orbital and the spin contributions

and changes the direction of the last changed and thus gives rise to increase in total hyperfine

field.

3.3 Hyperfine magnetic fields for Nd** ion in NdGaO3 tetragonal perovskites

It is well known that NdGaOj crystallizes in orthorhombic structure within crystallographic space
group Pnma and the local symmetry point group for RE constituents (Nd) here is C1a[20]. For this
point group we need incorporate a total of nine nonzero CFP’s instead of only two parameters
identified for the case of octahedral CF potential.

To obtain appropriate crystallographic structural, we have carried out structure optimization using
the DFT based full potential linearized augmented plane wave (FP-LAPW) as implemented in
WIENZ2k software package [21] where the variation of energy per unit volume was fitted
according to Birch-Murnaghan equation of the state [22]. Structure optimization have retained

tetragonal structure with lattice parameter a = 5.4323 A b = 5.4966A and c = 7.7064 A
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Figure 3: Tetragonal unit cell of NdGaOs.
The set of nine CFP’s calculated using maximally localized Wannier functions method are
tabulated in Table 6: below. The effective CF Hamiltonian is constructed through stevens operator

equivalents [13] and can hence be written as in equation (42).

Table 6: CFP’s Bé‘ for NdGaOjs calculated by Novak et. al. [20] (All CFPs are in units of meV),
k

k
Bq

-29.19

18.75 +76.02i

-52.61

-20.63 +83.551
20.76 - 75.351

-74.44

11.97 +34.56i

-164.72+0.52i

15.46 - 1.951

Al & & & A A AN
AN RN O RO N OR

To construct the ground state of Nd** ion in NdGaOs, we have substituted the set of CFP’s of Novak
et al [20] in the CF Hamiltonian and carried out diagonalization of the effective Hamiltonian matrix
in order to obtain all energy eigenvalues and corresponding eigenvectors including ground state.
The ground state wave function thus obtained is then substituted in equations (30) and (31) as was

done for the case of octahedral CF described in section 3.2.
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—(33—181)| >+(01—011)|——>+(062—0041)| >+( 095—131)|——>+(28

1 9-1 9-3 5
—070) ——>+ (.06 + .050) ——>+ (=58 +.010) ET>+(.11+.13i) ET)

+ (- 01—051)| >+(091+041)| >

Table 7: The orbital, spin contributions and total HMF's, for Nd** 4f-electrons in units of Tesla

Case B° B® Br

Free Ion 243.8490646 —13.09730951  230.7517551
Cubic CF 311.3361444 299.7824181 611.1185625
NdGaO3 9.745 —0.2952 9.4498
(Current)

NdGaOs3 10.028 * —0.327 9.701

(DFT)

* Ahmed Elhag private communication

Values of HMF's for the case of free Nd** presented in Table 7 fully agree with results obtained by
Netz [4], mean while, those obtained for Nd*" ion subjected to hypothetical cubic CF's are in good
agreement with experimental results despite the use of relatively inaccurate point charge model of
CF to determine ground state wavefunction. As for the sample of tetragonal crystal of NdGaOs3,

the results agree well with those obtained using DFT approach.

Conclusion:

We have developed multipole expressions for atomic orbital and spin current densities for RE ions
and performed calculations of HMF's for those ions resulting from their atomic current densities.
Though fairly involved in tensor operator algebra, the model proposed in this paper is straight
forward to computer coding. For the case of cubic CF, the accuracy of the model might have been
limited by non-relativistic Hartree-Fock approximation for the radial part of the wave function. For
the case of octahedral CF, the use of relatively inaccurate and naive point charge model could end
up in poor estimation of CFP’s that could generally affect the accuracy of our results. As for
calculations involving NdGaO3, incorporation of the Nd(4f)-O(2p) exchange interaction within the
framework of the exchange charge model of the CF is expected to enhance the accuracy of ground

state eigenfunction and consequently yield more accurate results for current densities and HMF's.
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However, the model proposed conclusively renders fairly accurate results for different CF
environments so far investigated thereby. The model is also made flexible to incorporate ab initio

as well as semi-empirically and experimentally determined sets of CFP’s. in calculation procedure.
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