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Abstract

Thermoelastic vibrations of a nonlocal nanobeam lying on a two-parameter basis and
subjected to a transverse moving load are introduced in the current study. For the linear
Winkler-Pasternak foundation type, governing equations are established on the basis of
the generalized dual-phase-lag heat conduction and nonlocal beams theories. Ramp-type
changing heat is applied to the nanobeam. The Laplace transform approach is used to
define and solve the problem's linked equations. A graphic is used to illustrate and
discuss how the nonlocal parameter and several foundation parameters affect the field

variables. The results are in line with previous analytical and numerical findings.
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1. Introduction

The production of sophisticated materials at the nanoscale, which opens up a new class of
structures with novel features and better performance devices, is the focus of nanotechnology.
Due to their many potential uses as nanowires, nanoprobes, atomic power supplies, nano-
actuators, and nano-sensors, among these nanostructures, nanobeams get more attention.
Additionally, nanoscale effects have a key role in how well nanostructures with tiny diameters
and spacing between molecules function mechanically. Many academics were motivated by this
to develop a novel model to forecast the way that these nanostructures behave mechanically.
There have been more studies on nonlocal theoretical models recently, including several forms
of nonlocal elasticity techniques that include deeply researched hardening and softening models.
Due to its universality and simplicity, Micro/nano-scale mechanical systems are simulated using
the theory of nonlocal elasticity (NET). Eringen was the first to present this notion [1-3]. The
strain field at each point along a continuum object is, in accordance with the NET theory is a
function of the stress field at any particular location along the body. The nonlocal elasticity
theory (NET) has been widely employed in research to account for Nanobeams and
nanostructures are affected by vibration at the nanoscale. They can be found in references [4—
14] in some cases. The design of airplane structures often includes nanobeams sitting on elastic
foundations, which are widely used in structural analysis. Many scientists were motivated by
this to investigate how constructions performed on various types of elastic foundations. The
Winkler-type elastic foundation is thought to consist of a collection of vertical, linear elastic
springs that are precisely spaced apart from one another. Transverse shear deformation and
Winkler-type elastic springs make up the two parameters of the Pasternak model. Several
authors [15-21] have investigated the effect of Winkler and Pasternak elastic foundations on the
bending and vibration of micro-nanomaterials. The moving loads, on the other hand, have a big
impact on how the engineered structure behaves dynamically. As moving forces (loads) in the
form of automobile traffic exert pressure on the framework structures used in transport
engineering, such as bridges, this causes vibration in the structures. Deflections and strains
brought on by a moving vehicle on a bridge are often larger than those brought on by the same
vehicle loads applied statically. There is a wealth of literature on the subject of dynamic analysis
of a structure subject to a moving load.

Throughout the present research, we use Eringen's nonlocal elasticity and Tzou's
thermoelastic dual-phase-lag model [22—24], which modifies the Fourier law, to examine the
thermoelastic vibration of a nanobeam exposed to transverse moving load and resting on
Winkler—Pasternak foundation. The nanobeam is thermally loaded by ramp-type shifting heat. A
nanobeam exposed to ramp-type shifting heat is studied for its thermoelastic vibration in terms
of temperature, deflection, displacement, and bending moment. Several comparisons were
represented graphically to assess the effects of the nonlocal parameter and Winkler-Pasternak
foundation parameters on all the field variables.
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2. Materials and Methods:

2. The nonlocal thermoelasticity with phase lags
The differential nonlocal constitutive equations for a homogeneous thermoelastic material are given
by Eringen's nonlocal elasticity theory [1-3]
(1 -¢V¥)ay;; = 14, (1)
where 7;; and 0;; represent both of the local and nonlocal stress tensors, respectively.

According to Tzou model [22-24], the generalized heat equation with a two-phase delay is as
follows:

2 2
K (1 + 1, %) V20 = (1 + rq%+ Z—qa"?) [chZ—f + yTO%(div(u)) _ Q]. )

The constitutive equations:
Ty = 2ue;; + Aejj — y84;; . 3)
And, the equation of motion:
0y + F; = pil;. 4)

By substituting & for zero in equation (1), we can readily construct the constitutive
equation of classical local thermoelasticity, In this case, we ignored the intrinsic feature of
length, which means that the particles of the medium are scattered in a continuous distribution.

3. The Problem's Formulation

Suppose a thermoelastic nanobeam such that its dimensions are 0 < x <L, 0 <y < b and
0 <z < h where L, b and h represent the nanobeam's length, width and thickness. As shown in Fig.
1, the initial temperature of nanobeam is Ty and it rests on a linear Winkler-Pasternak foundation,
K,, and K. In addition, we assume that the axial direction of the beam in this problem is X axis.
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Fig. 1: Nanobeam schematic on the Pasternak foundation.

The displacement field at any arbitrary point of the beam can be taken as below:
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u=—-z—,v=0, w(x,y,zt) =w(xt). (5

Relying on the previous assumption of displacement, we can derive the differential
constitutive Eq. (3) for a one-dimensional problem by substituting these displacements into each
of the Egs. (1) and (5) to take the following form [8, 25]:

020,

Oxx — € o = ) [zz— + aTH], (6)

where g, refers to the nonlocal axial stress, and ar = a,/(1 — 2v).

The equilibrium equation for microbeam transverse vibration is expressed as

02M 02w

dx2 p ot2

=0, ()

where A = bh, refers to the cross-section area.

Winkler's elastic foundation model is the most introductory, as it assumes that at any
arbitrary point, the vertical displacement is proportional to the contact pressure[26]. The normal
stress per unit area R (the reaction of the foundation) and vertical displacement w at any point
along the lower boundary of the nanobeam retain the following relationship as a result of the
interaction between the nanobeam and the supporting foundation [27, 28]

(8)

where K, and K stand for the Winkler’s foundation constant, it is also referres to the
modulus of substrate response, and the shear basis modulus respecitively.

22w(x,t)
axz >

Ry = K, w(x, t) — K,

In the case of putting K, = 0 in Eq. (8) we will get the relation in case of nanobeam on a
Winkler foundation type; however, in the case of obtaining a nanobeam that has no foundation
both of K, = K5 = 0 is substituted

The transverse vibrational equation of motion for nanobeams is expressed as

0%M

62
=~ Ry =pAo5—q(). ©)

0x2

The flexure moment is determined using Eq. (6) and is given by
a°M a%w
M(X,t)—fﬁ= —IE [ﬁ+aTMT], (10)

where

12 (h/2

My = —h/2

0(x,z,t)zdz. (11)

Additionally, it is clearly demonstrated that the nonlocal nanobeams' flexure moment is generate

d by
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02 w(x t)

M(x,t) = EAp 4+ &K, w(x,t) — (IE + ¢K,)

— agMr — §q(x), (12)

at?
where a;; = IEq;.

One may obtain the motion equation of the nanobeam by substituting Eq. (12) into Eq. (9)

04 92M
Bt B (W= E2) 4 Bow + B ET 4 B (£ - 1) q() = 0, (13)
where
_ EKywtKs _ pA _ Ky _ At _
'Bl_IE+fKS’ ﬁ2_15+55’ﬁ3_15+51<5’ ﬁ4_15+$s’ﬁ5_15+fk -(14)

Substituting Eq. (5) into Eq. (2), gives the generalized heat conduction equation without the heat
source (Q = 0), as

9)(20, 00 _ (1 2 HOY [o6a00 _yto 2 00y)
(1+T96t)(6x2+622)_(1+Tq6t+2!6t2 k ot K “oat\axz/] (15)

4. The technique of the solution

We assume that the nanobeam has thermal insulation, thus d0/0z at the upper and
bottom surfaces of the nanobeam (z = +h/2) should have no effect at all. Additionally, we
consider the increment temperature to vary in a sinusoidal fashion along the direction thickness
as

0(x,z,t) = 0(x,t) sin (%) (16)

When Eq. (16) is substituted into Eq. (13), the motion equation of the nanobeams is obtained as

24, 9%0

(ax4 ﬁl ax? s+ ¥ra (1 &3 ) T B)w 3 g+ Bs (faxz 1) a6 =0. (17)
The flexure moment can also be derived using Egs. (12) and (16) as

02w (x,t 24a
( ) t@
h2

M(x,t) = EAp v Z 4+ ¢K,w(x, t) — (IE + ¢K,) (18)

Now, the generalized thermal conductivity equation can be derived from the Egs. (15) and (16)
on the form

(1+e05) (G2 -0) = (i) PR -2 Gl a9

To enable the numerical analysis more straightforward, dimensionless parameters are introduced
. We'll utilize the following non-dimensional variables

1
{x,r Z,r u’, W,r h,} = E{xl zZ,u,w, h}l {t,1 T’OI Tler T,q} = Cfo{tl TOI Tel Tq}l

4 (20)

' 3 ’ o K ' M E ’
f:— @:—, COL:_r M = Co = ;,q:Eq

2’ To pCE ALE’

Therefore, the essential Egs. [17-19] in its new versions are
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%—Al‘:—fhélz (%V—faf:a ) + Asw = —A4a —— (E—— 1)61(96), (21)
M(x,t) = § 2%+ Agw(x, ) — A, 7250 — 4,0 — Agq(x), (22)
(1+735) (327?—”—9) )] il ) B
where

Ay =I2By, A, =1*Bych, Az =L*Bs, Ay = %' 5= BSETW’

Prime sign have been removed for ease of use.

The external load q(x, t) is supposed to be concentrated and moving at a constant speed v along the
axis of the beam. The load q(x, t) can therefore be represented as

q(x,t) = Qo6 (x — vt), (25)
where Q, is the strength of load which assumed to be constant and §(-) is the Dirac function.

5. Boundary/Initial conditions

The boundary and initial conditions must be taken into account in order to get the sol
ution. The initial conditions are assumed to be homogenous as follows

0(x,0) = 2250 — § = y(x, 0) = 220 (26)
at at
We shall assume that the nanobeam's two endpoints are clamped, i.e.
2 2
w(0,t) = w(l,t) = 0 = 2w _ rwdy 27)

dx2 0x2

In addition, we assume the nanobeam to be thermally loaded by ramp-type heating, which result

s in
0, t<0,
0(x,t) = 0, é 0<t<ty (28)
1, t >t

where 0, is a constant and the ramp-type parameter t, is non-negative parameter. Additionally,
the temperature at the end boundary needs to adhere to the relationship below

de

ax=0 on x=1L.

(29)
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6. The effects of Laplace transformation

The Laplace transformation approach may be used to solve the governing and constitutive equat
ions in closed form. By applying the Laplace transformation that is defined in the following
form

fx,s) = fooof(x, t)e stdt. (30)

on the homogeneous initial conditions (26), and to the both sides of Egs. (21)-(23), it yields the
new form of theses equations as following

d* 42 _ 2@ L 5
(@ — Ay oz AW = —A, oz T Asg(s)e v Qo, (D)
— _ d?w — _ _s
M(x,t) = AW — A7 — — As®@—A138(s)e " Qo, (32)
d? = d?w
(Ge—B)0=-8. 3. (33)
where
A
Aro = (A1 +5%8A;), Arr = (Az+s?Ay), Ay = (5% +Aq), Az =—7%,
Y
2 2 122 1 2.2 (34)
T __ ym?hgoL _ s(1+‘tqs+2!‘tqs ) _ SA15(1+TqS+2!‘EqS )
Arg = h? Ass = 24K ' By = Aj 1+1gS 2~ 1+1gs .

The following differential equation for w is obtained by removing the function ® from from
Egs. (31) and (33) as

(DS — AD* + BD? — O)W(x) = I, Qpe ",
(35)

where the coefficients A, B and C are given by

2
I = 4s (5 - B,) §(5).
Equation (35) can be moderated to
(D? —m{)(D* — m3)(D* —m3)w(x) = [Qpe™v", (37)
where m2, n = 1,2,3 are roots of the characteristic equation

mé —Am* + Bm? — C = 0. (38)

The general solutions of w may be obtained from equation (37) as following

W=, (CeT™ + Cryze™) + Cre™7", (39)
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where
C, = &
7 7 (s/v)6—A(s/v)*+B(s/v)2—C

(40)

With likewise eliminating @ between (31) and (32), we get at the equation below, which is
fulfilled by

d6 N
J_AF-FB__C 0= [5,Qqe Ux,
(41)
where,
I = —s*AsB,g(s)/v?.
(42)
Eq. (41) generic solutions can be simplified as follows
0= Zle(Fie‘mix + Fi 3e™%) + Cge™S*/V, (43)
Substituting the functions w and @ from Egs. (39) and (43) into Eq. (33) yields
Bym? B,s? [v?
F, = BiC;, Fiyz3 = BiCiy3, pi = _mi;—Bl' (g = _SszZ_UBl 7 (44)
So,
0 = piw = Zleﬁi(cie—mix + Cy3e™¥) + Cge /7. (45)
By the same way we can arrive to the following equation for the bending moment M in the
form
— 3 . . _s
M = Zi=1(—A7m? — Ayfi + Arp) (Cie™™F + Ciyze™™) + Coe ™, (46)
where
Co = (—=(s/v)?A; + Ay3) C; — AgCg — A13 Qp g (s). (47)
Furthermore, the axial displacement after using Eq. (39) has the form
u= —zi—f =z [Z?zlmi(Cie‘mix + Cip3e™%) + (s/v)2C7e‘Sx/“]. (48)

Additionally, the strain will be
€= g =—z [Zilmiz(Cie_mix + C;p3e™%) + (s/v)ZC7e_S"/”]. (49)

In the Laplace transform domain, boundary conditions (26) to (29) reduce to

_ aZw(x,
W(xr S)|X=O,L = OI C‘:;E;CS) X=0.L = 0; (50)
6(x,5)lemo = 00 () = G(s), (51)
66
3 = 0x=L (52)
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The boundary conditions in Eqgs. (39) and (45) are satisfied, according to Eqgs. (50)- (52). Egs.
(37) and (45) are substituted into Egs. (50)- (52) to provide

L‘3=1(Ci + Ci+3) = _C7; (53)

S (Ciem™E + Cze™il) = —Cre7SHY, (54)

S mi(C; + Ciy3) = —Cps% /02, (55)
2 m2(Cie™L + Cpyze™*) = —C,(s? /v?)eSLY, (56)
> 1 Bi(Ci+ Ciy3) = G(s) — Cg, (57)
2 Bimy(—C; e ™k +C; se™ib) = Cg(s/v)e SV, (58)

The unknown constants C; and C;,; may be determined using Eqgs. (53)- (58). The lateral
vibration and temperature may then be calculated using Egs. (39), (45) and (46). (12). Eq. (48)
may be used to calculate the displacement, and Eq. (46) can be used to get the bending
moment. The Laplace transform of the complex solutions for the investigated fields in Laplace
transform space is challenging to obtain. As a result, in the part that follows, the data will be
numerically examined using a technique based on the Fourier series expansion approach.
Software called Mathematica was used to carry out the numerical calculations.

7. The inverse of Laplace transforms

Following that, we encounter a large number of lengthy and complex expressions while finding answers
in the transformed domain; hence, we employ a numerical technique developed by Durbin [29] to
reverse the direction of Laplace twists to obtain solutions in a physical field. In this approach, the

inversion solutions may be derived by applying the following formula:
m

cqit
M(t) = (ZReZ[M(c1 +ic) e+ M(e) 5 (59)
k=1 1
o=
51
where m is an integer big enough to signify the truncated parts number in the
infinite

Fourier series and should be chosen as such
et Re(e "M/t M (¢, + imm/ty)) < €,
where € is a very small positive value matching to the required degree of precision, and
c, 1s a real integer larger than the total of the real parts of all the singularities.
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3. Results and discussion

To demonstrate the dynamic displacement response of an elastic beam to a
moving load, numerical calculations are made. Silicon (Si), a superb material utilized in
resonant devices, has been selected as the material for the purpose of numerical analysis.
The following are the physical material data for silicon:

ar =259 X 107K, v = 0.22,K = 156W/(mK), T, = 293K
E = 169GPa, p = 2330kg/m3, C; = 713]/(kgK),
to = 0.1sec,L/ =10,b/ =05L=1,z= /3.

The change in temperature 6, the deflection w, and axial displacement u
distributions are graphed versus x —direction for two cases.

First case is examined to investigate changes in dimensionless lateral deflection w,
change in temperature 8, and the displacement u with various phases delays where t, = 0.1
and v = 0.22 is presumptive values. The suggested model is used to construct the curves
predicted by three different thermoelasticity models, which may be seen in figures 2 through 4
as special states of the two-phase-lag model (DPL). By taking different values of the
coefficients of the phase lag model (, 7, and 74), we can get different models for the theory of
thermoelasticity. For example we can obtain the modified Tzou's model by assuming 7, =
0.2,79 = 0.1, the Lord Shulman model (LS) as 7, = 0.2,79 = 0 and of course by putting 7, =
0,79 = 0 we will get the classical thermoelasticity theory (CTE). The results reveal that phase
delay effects have a big impact on how physical quantities are distributed. The mechanical
patterns demonstrate that waves move across the material at a limited speed. It is also clear
that several theories operate essentially the same manner. Additionally, it is demonstrated
that when compared to other non-classical models, the CTE model yields greater values for the
field variables. And due to the unrealistic physical demands of the thermodynamic notion of
thermoelasticity, a better theory of thermal conductivity has been created. In contrast to the
conventional theory, the modified theory proposes that thermal waves move at a finite pace.

Fig. 2 depicts the differences in the deflection w, this diagram illustrates that all
values of w begin and terminate at zero and satisfy the boundary conditions at x = 0 and L.
The lateral deviation similarly peaks at a specific distance from the left edge and declines as
the x- axis increases.

For the change in temperature distribution 8 which is shown in fig. 3, it’s indeed
obvious that the nonlocal stress appears to have minimal impact on the nanobeam's
temperature change. The results also demonstrate that the temperature rapidly drops as x
becomes farther and farther away from the thermal heat source. Indeed, contrary to what was
predicted by conventional theories, actual findings have shown that size effects have a
significant impact on the physical properties and mechanical responses of NEMS at the
nanoscale at, defying the predictions of general theory [30-32].
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According to the diagrams of u that is shown in fig. 4, it is noticed that all curves
start at its maximum value and then decreases regularly to intersect the curves with the x -axis
and then take negative values so that the wave rises again to reach zero again and settles at
this position.

The second case investigates how changes deflection w, change in temperature 9,
the displacement u, and the axial stress o,, at different axial speeds (v = 2,4,and 6) are
affected by sinusoidal heat pulses. The influence of velocity distribution v on the
thermomechanical behavior of the nanobeams is shown in Figures 5-8. Any changes in the
traveling speed will have an impact on the field amounts. As the values of axial speed v of
grow, the magnitudes of mechanical waves w and u decrease. On the other hand, the axial
speed v variations have a relatively small impact on the temperature change 6 and the axial

stress Oy.,.
W 0.2 OiV /_tﬁ 08
-0.05 | //
011 \ //
\ 7/
047 | \ //
\ /'/
\/
023 | v
CTE Model
029 | — .. — LS Model
— — — DPL Model
0.35

Fig. 2. The non-dimension lateral deflection w for various thermoelasticity models

CTE Model
g | — -+ =— LS Model
— — — DPL Model

0 0.2 04 0.6 0.8 x 1

Fig. 3. The non-dimension temperature 0 for various thermoelasticity models
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Fig. 4. The non-dimension axial displacement u for various thermoelasticity models
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Fig. 5. The non-dimension deflection w for different values of the velocity v
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Fig. 7. The non-dimension axial displacement u for different values of the velocity v
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Fig. 8. The non-dimension axial stress g, for different values of the velocity v

Conclusion:

The governing equations of nonlocal nanobeams embedded in a two-parameter
foundation and exposed to transverse moving load are built in the current study using
extended thermoelasticity with phase lag theories and non-local Euler-Bernoulli beams. The
two-parameter Pasternak foundation is used to represent the elastic foundation. Additionally,
the discussion and investigation of the thermoelastic vibration of the temperature, deflection,
displacement, and bending moment of nanobeam exposed to ramp-type heating.

On all the field variables, the impacts of the nonlocal parameter, elastic coefficient
of the foundation, and shear layer foundation stiffness parameters have been demonstrated
and graphically represented. The Pasternak foundation becomes a Winkler foundation if the
stiffness of the shear layer foundation is disregarded.
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