Journal of Qassim University for Science

2024, Vol 3 (Issue 2), pp. 93-137

Received: 12 September 2024 JQUS
Revised: 5 October 2024

Accepted: 5 November 2024

Calculating Gamow-Teller and Fermi Strength Function Using Two-
Particle Two-Hole

Afnan Al-Shammari and Bassam Shehadeh
Department of Physics, Qassim University, Burydah, Qassim 51411, KSA.

Abstract

In this study, we investigated the transitions of all types of beta decays using
the two-particle and two-hole techniques. Specifically, we calculated the
binding energy for Fermi decay and Gamow-Teller transitions by applying
this technique to several intermediate isotopes. This involved calculating the
transition forces and matrix elements for both Gamow-Teller and Fermi.
These calculations were crucial for determining the half-life values of these
isotopes and comparing them with existing experimental values. Our results
demonstrate a significant agreement between the theoretical and experimental
outcomes. Hence, we obtain the reduced amplitudes and the log ft factor and
the half-lives of the decay. Beta £ and beta £ */EC transitions from light to
medium nuclei. The nuclei are ®He, 8Ne, ‘8F, and #’Sc.

1. Introduction

Beta-decay is a crucial process in nuclear physics, influencing several
scientific disciplines, notably astrophysics and particle physics. The study of
beta-decay provides valuable insights into the relationships between nuclear
interactions and factors such as spin and isospin, along with other nuclear
characteristics like mass, shape, and energy levels [1, 2]. In the context of
astrophysics, f-decay is instrumental in the creation of neutron stars, which
are significant in the synthesis of heavy elements within nature [3], by
establishing the time frame for the rapid neutron-capture process through the
half-life of S-decay. In the physics of particles, f-decay provided the initial
experimental proof of parity violation [4] and has been used to confirm the
Cabibbo—Kobayashi—-Maskawa (CKM) matrix's unitarity [5].
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The precise measurements of beta decay strength functions, and hence the
decay half-lives, is a critical method for exploring physics Beyond the
Standard Model (BSM). Such exploration could potentially reveal a new
fundamental physics through beta decay in atomic nuclei. Moreover, the
theoretical treatment of experimentally favored nuclei, in a framework that
allows measuring uncertainties, remains complex. Despite these challenges,
considerable progress has been made in recent decades towards the systematic
development of internucleon interactions within a strong field theory
framework. The medium-mass nuclei, often significant in BSM search, can
now be approached from first principles, due to developments in the many-
body theory and computational capabilities [6]. Yet, the impact of
approximation strategies in ab initio calculations on crucial observables
remains an area for further research.

With recent advancements in the measurement of nuclear g-decay half-lives
facilitated by radioactive ion-beam facilities; a comprehensive compendium
of experimental data is now accessible [7]. It is imperative to calculate the
fundamental theoretical models and their abilities to reproduce the
experimental outcomes and identify their strengths or weaknesses points in
these models. This review highlights the current S-decay theory and the
assessment of transition matrices stemming from the §-decay processes [8].

The two-particle, two-hole model provides an essential framework for
describing nucleon correlations that are not captured by simpler single-
particle models. These correlations arise when nucleons are excited from
occupied states to unoccupied states (holes) or vice versa when additional
nucleons are placed in an excited state. Key configurations include:

« Two-particle excitations: Two nucleons move from lower to higher
energy levels, forming two particle-hole pairs.

« Two-hole excitations: The removal of two nucleons from an orbital
leaves two vacancies (holes) in the nuclear shell.

These configurations are critical for understanding nuclear structure,
particularly in beta decay, as weak interactions can induce transitions between
nucleons. Two-particle and two-hole excitations can greatly affect transition
probabilities and the shape of the strength function. Including two-particle
and two-hole excitations provides a more accurate description of the energy
distribution of final states in beta decay. The integration of the two-particle
and two-hole states results in a more detailed and realistic energy distribution
of the final states. This framework explains the mixing of configurations
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between the initial and final states, which is important for accurately
modelling the beta decay process.

Several computational models have employed two-particle, two-hole
excitations to study the beta-decay strength function. Civitarese et al. (1999)
[9] explored beta decay using the quasiparticle-phonon model. This work
found that collective excitations enhance the accuracy of the strength
function, particularly at higher excitation energies. Bortignon et al. (2005)
[10] applied the random phase approximation (RPA) to neutron-rich nuclei,
emphasizing the importance of two-particle, two-hole correlations in
reproducing decay rates. Danilo and Marcella (2022) [11] conducted shell-
model calculations incorporating two-particles, two-hole excitations for
medium-heavy nuclei. Their study demonstrated that higher-order
configurations significantly influence decay rates and the shape of the
strength function. In recent developments, the Monte Carlo shell model
(MCSM) [12] has been increasingly employed for beta decay involving large
nucleon numbers. In 2017 Tsunoda et al. demonstrated the MCSM ability to
capture the effects of two-particle, two-hole excitations on decay rates,
yielding highly accurate strength functions. Despite the progress in applying
the theory of two-particles, two-hole, significant computational challenges
remain. Techniques like the Monte Carlo shell model and the Kuo-Fineman
model help address these complexities but demand substantial computational
resources, particularly for heavy nuclei.

The two-particle, two-hole theory continues to refine our understanding of
nuclear structure and weak interactions, enabling precise modelling of beta
decay and contributing to further progress in nuclear physics and
astrophysics. The Gamow-Teller decay for nuclear systems, starting from a
nuclear Hamiltonian and electroweak currents, for °Ca and >°Ni closed cores
in the framework of the realistic Shell model. The effective shell- model
Hamiltonian and decay operators are derived using many bodies perturbation
theory [13]. The phenomenon of the quenching of the spin-isospin matrix
elements has been extensively studied since the 80s of the last centuries, but
in recent years there has been a renewed interest in his subject because of its
possible implication in the neutrino less double- £ decay.

Beta-decay strength function calculation using the two-particle, two-hole
theory is carried out in most recent works via the SSRPA model [14]. This
model incorporates energy density functions (EDFS) and the configuration of
two-particle-two-hole states to enhance the accuracy of beta-decay
calculations [14]. In the two-particle-two-hole model (SSRPA), Gamow-
Teller (GT) states are shifted downward, significantly influencing the beta-
decay process by increasing the beta-decay phase space while greatly
reducing the half-life of beta decay in nuclei [14]. Incorporating the tensor
factor into this model (SSRPA), further refines predictions of beta-decay half-
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lives by accurately reproducing excitation energies [14]. The two-particle-
two-hole configurations and the tensor factor have been applied to various
magic nuclei, demonstrating remarkable agreement with experimental results
compared to other models [14]. In previous research conducted in ref. [15],
the study utilized the one-particle, one-hole theory to investigate beta decay
in intermediate elements. This approach focused on modelling beta decay for
even/odd isotopes using specific isotopes 1°N ,1°0 , 17F , #1S, These isotopes
were deemed suitable for the one-particle, one-hole model; however, they do
not apply to systems requiring a two-particle, two-hole framework.

To address this limitation, the current study adopts the two-particle, two-hole
model to explore beta decay in isotopes classified as even/even and odd/odd
isotopes. The isotopes utilized in this study include ®He , ®Ne , 18F and *2S.
This shift to the two-particle, two-hole model allows for a more
comprehensive understanding of beta decay processes, expanding beyond the
limitations of the one-particle, one-hole framework. Two-particle and two-
hole techniques simulate the effects of nuclear correlation. Studying all
possible transitions using single-particle states confirms the experimental
levels of the reference isotopes used in this study. This way the inaccuracy in
determining the correct energy level is fixed by projecting the results onto the
experimental nuclear level.

Our investigation shed the light on all types of beta decays underlying
transitions, using the two-particle and two-hole techniques. This includes
calculating the binding energy for Fermi decay and Gamow-Teller then
calculating the transition matrix elements for both Gamow-Teller and Fermi.
These calculations were crucial for determining the half-life values of these
isotopes and comparing them with existing experimental values. Our results
demonstrate a significant agreement between the theoretical and experimental
outcomes. Hence, we obtain the reduced amplitudes and the log ft factor and
the half-lives of the decay. Beta £~ and beta £ */EC transitions from light to
medium nuclei.

If we establish two-particle states to define the valence nucleons separate
from the core, using a phenomenological potential that includes spin-orbit
interaction but excludes residual interaction. The dynamics of particle-hole
interactions are employed to obtain initial and final states, and the two-particle
transition amplitudes for Fermi and Gamow-Teller transitions are calculated,
leading to the determination of reduced amplitudes, logft values, and half-
lives of decays. The study examines B-decay in both beta 8~ and beta g+ /EC
transition across a range of light to medium nuclei, including ®He, 18Ne, 18F,
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and *2Sc. The conclusions and further research suggestions are included at
the end of the work.

2. Theoretical background

2.1. Theory of nuclear #-decay

In the nuclear scale, the3~decay is written as
Ky = 28y +e +7,. (1)
The nuclear 8% decay is:
2Xn = z-4Yve et v, (2)
Finally, nuclear EC reads:
Ky +e - ;Y tet+ 7,. (3)

In the three processes, Shown the parent nucleus 4X and the daughter nucleus
4Y are isobars, i.e. both have the same mass number A. This process has a
coupling constant Ge which is not fundamental. It involves two fundamental
vertices of weak coupling g,,. The strength of weak interaction is measured
in muon decay, shown in fig. (1), where g*< m,C? =106 MeV. Thus, the W-
boson propagator in the natural unit can be written as:

_i(gm/x - qMQU/m\%V) . igm,u
@ —m, mj,

In muon decay, this becomes g2 /m?,. Hence, the weak coupling gy, can be
related to Grusing [16].

G _ g @
V2 8(mHCZ)2.

This is valid for a large mass of W-boson and small energy g2of B-decay, i.e.
q? < (m,,C?)2. In the case of q% = (m,,C?)?, the weak interaction is more
probable than electromagnetic force. In other words, the weak interaction is
only weak because of the large W-boson mass(m,, = 80.403 + 0.029GeV/
C?). For muon decay Gr = 1.16639(1) x 10~>GeV~2[16].
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Figure 1: Feynman diagram depicts the weak muon decay. The W-boson
propagator carries momentum ¢, where ¢? < (m,,C?)?, for precise
measurements of the weak coupling gy, .
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Figure 2: Nuclear B~ , B*, and EC decay in the impulse approximation. In
this picture only one nucleon contributes in the 5 decay process whereas the
remaining A — 1 nucleons are spectators. The initial and final states ¥; and
Y, are the intial and final nuclear states of a strongly interacting A-body wave
function. At the weak-interaction vertices the antilepton lines are drawn as
going backwards in time. The strength of the pointlike effective weak
interaction vertex is given by the Fermi constant Gr.
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2.2 Half-lives, Reduced transition probabilities, and ft values

Half-life represented by t1 is computed from transition probability T;,
2

t1 = n2 ) (5)
2 Tri

Ty, is calculated Fermi golden rule of time-dependent perturbation theory to

get [17]

— K (6)
2 fo(Br + Bgr)’

where x (kappa) is constant [18]

t

| =

2mh’In2 (7)
K= 5 a2 = 61475,

myc*Gf
fo 1s the Lepton kinematics phase space integral, and By and B are the
Fermi and Gamwo-Teller reduced transition probabilities that needed to be

calculated, respectively. They can be broken up into factors [8],

_ _9v M |2 (8
F = 2+ :
And
Ber = 9i |MGT|2 )
GT ™ 2)i+1 :

where J; is the nuclear total initial angular momentum (nuclear spin). g, and
g,, are coupling constants for axial current and vector current, respectively
[19]. MF and Mgr are the interaction amplitudes The quantity fyta

2

represents the allowed B-decay transitions. In [17] it has been called the
reduced half-life or comparative half-life. The vector coupling constant g, =
1.0. Its value is determined by conserved current j* = %1/3)/“1/) [8]. The factor
ga = 1.25 is the axial vector coupling constant of the weak interaction
conserved axial vector current ji = %1/3)/“)/51/). Vectors have parity
properties,V (—#) = —V (#) under space inversion. On the other hand, axial
vectors 4 are invariant under space inversion,

A7) = +A@).
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For lepton current the violation of parity conservation is maximal, and the
weak interaction amplitude for the leptonic contribution contains the
combination V — A in equal division. This holds at the quark level of the
hadrons [16].

The hadronic current:

joav— <g—A)A —V — (1.254) . (10)
9v
Thus the ¥V — A current is proportional to
V—Axpy*(1—y>)p. (11)

The minus sign is an indication of the left-handedness of the Leptons involved
in the weak interactions. Since the ft value is large can be suppressed by
logarithm,
log ft = logso (fotals1). (12
2

2.3 Wigner —Eckart theorem

Assume Tq(k) is a spherical tensor operator (such as angular momentum

operators) that acts on an angular momentum basis [jm). The transition
amplitude resulting from this tensor operator is detailed in references [20,21]

. k .
(5f;]fmf|Tq( )|fii]imi) = M5mfmi+q .

my =m; + q unless M = 0. This is the Wigner-Eckart theorem. According

to this theorem, the matrix elements of tensor operators concerning angular
momentum eigenstates satisfy [21]:

&'t (13)
J2j+1

Where the double-bar matrix element is independent of m, m', and q. The
amplitude in the left-hand side represents the transition rom |&; jm)to
|€';j'm') . Before we present proof of this theorem, let us look at its
significance. First, we see that the matrix element is written as the product of
two factors. The first factor is a Clebsch-Gorden coefficient for adding j and
k to get j'. It depends only on geometry, which is on the way that the system
is oriented concerning the z-axis. There is no reference whatsoever to the
nature of the tensor operator. The second factor does depend on the dynamics;

(f’i}"m'|Tq(k)|€;jm) = (m; kqljk; j'm’)

100



for instance, ¢ may stand for the radial quantum number, and its evaluation
may involve. To evaluate (E’:j’m’|Tq(") |§; jm) with various combinations of

m', m and q'it is sufficient to know just one of these combinations; all others
can be geometrically related because they are proportional to the Clebsch-
Gordan coefficients, which are predetermined and well-known. The common
proportionality factor is (¢'j'||T*||&j), which does not refer whatsoever to
the geometric features. There are different conventions for the reduced matrix
elements. One convention includes an additional phase and normalization.
The factor with the aid of the 65 symbol [20,22]
ermlrleim = om0 0 b 0

2.4 Gamow —Teller and Fermi matrix element

In the beginning, let us review the scales of f-decay we need for evaluating
the transition matrices. They are as follows:

1. Nuclear scale, where the ~-decay is due to the following nuclear decay:

Xnte -z Wy tet+ 7,

(15)

2. Quark scale: According to the standard model the f~-decay is attributed
to the weak flavor symmetry down d and up u quarks, according to

u->d+e+v,, (16)

3. Nucleon scale: The f~-decay is due to the decay of a free (or quasi-free)
neutron,

n->pt+e+v,. (17)

For nucleon scale f~-decay, we denote the proton using index a or f, and the
neutron using index b or i. Whereas for f*-decay, we denote the neutron
using index a or f, and the proton using index b or i.

Fermi matrix element M, [23] and Gamow-Teller (GT) matrix element
M1 [24] are the most important values that need to be calculated using the
initial and final nuclear wave function which carries the nuclear structure
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information. Fermi operator is just the unit operator 1. GT operator is the
Pauli spin operator .

The Gamow-Teller and Fermi can be written as [8]:

My = (EplIAlIE00 = 1, Zan Me (D (g0 1] i), _ [l 6 0¥

and

oo

My = (EI 1016 = Zan Mer (0 (5 [[[efed], _ [ 60 (¥

Where M. (fi) and Mp(fi) are the single—particle matrix for GT and Fermi
respectively. They can be written as [20,22]

Me(FD) = (fI[2l|5) = 8fij, = (nelpsie||TlImalisi) (20)
= Onyn 01,105, r

Mar(FD) = == (Fl811E) = —= (n Ly 18 lmelgi @
ar V3 3 fIf ilii)
3 3 1 1 "
- ﬁ 2 % 26”f"i6lfli6jfjiffji (_1)lf+li+§ 2 2 ’
Jjr Ji L

1

I
= \/E 5nfni61fli6jfjijfji (_1)lf+ll+5 {jz ? } .
roJi lf

2.5 Phase-space factors

The half-life contains the integrated leptonic phase space which is called a
phase space factor f,. Some references call it Fermi integral. For f* -decay,
the phase-space factors are [7]

fo = [)° Fo(FZ; . €)pe(E, — )%de, (22)

F, is the Fermi function. ¢ is the energy ratio given by:

E, (23)
where E| is the total energy of the emitted electron or positron. E, denotes the
nuclear energy difference:

E =
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E —E (24)
myc?’

where E; and E are the initial and final energy, respectively, for the nuclear

state. The momentum is given by:

p=+ez -1, (25)

For electron capture the phase-space factor is [7]:

E, =

FEO = 2m(az)) (g + Eo)?, (26)
where:
e 2- 1
o ="~ 1L (az) @
where
_e*/amey 1 (28)
“TThe T 137

We can expand the phase-space factor [7,25]:

£ ~ < (B§ — 103 + 15E, — )R (¥2;) . *)

2.6 f-decay Q-Values
The Q-values for any nuclear reaction or decay are given by:

Using eq. (24), For f~-decay we have

o - Qp- + m,c? (31)
07 muc?
For f*-decay we have
o Qp+ +m,C? (32)
O muc?
Finally, for EC
£ = Qpc — meC? (33)
0 mec? '

The Q-values for all decay are listed in [7]. The table of nuclides and represent
the endpoint energy of the decay. The decay half-life can be calculated
directly once the one-body transition densities.
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Erirlllcdes] € (34)

2.7 Classification of -decay

1. Super allowed transitions

This takes place for light nuclei such as *H,*C,>C,- - - where all protons and
final neutrons are at the Fermi level, result in an overlap in the initial and final
nuclear wave function. This means that the transitions are of the SP-type and

yield the maximum value of the F and GT matrix elements.
2. 1 forbidden allowed transitions

This type occurs in cases where a simple (SP) transition in the mean-field
shell-model picture, is forbidden by Al = 0. This means the forbiddingness is
due to a single configuration approximate for 1, and ;. using a configuration
mixing based on the finite value for log ft is usually below 5 due to the lack

of strength in the configuration mixing [26].
3. Unfavorable allowed transitions

Such transformations do not belong to either of the two types discussed above.
They are allowed SP transitions in that there is no () forbidding. However,

the SP transitions are suppressed in ¥ and ; due to the residual interaction.

Table 1: Classification of g-decay transition [27]

Types of $-decay log ft
Unfavorable allowed 3.8-6.7
Super allowed 2.9-3.7
forbidden allowed (1) > 5.0
1%t -forbidden unique 8-10

1%t -forbidden non-unique 6-9

2" _ forbidden 11-13
3 — forbidden 17-19
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2.8 Operators and Their Matrix Elements
For a one-body spherical tensor operatorZz,, one can derive the following
formula [28]

Tow, = Y@l Tew B)cles = L7 ) (alFLlb) [}és],,, - (35)
af ab

Here
Co = (—1)JatMac_ Coo = Camy»

is an annihilation operator with the proper behavior of a spherical tensor of

rankjz. The matrix element (oz|fLML|,B) is the single-particle transition
matrix, whereas the matrix element(a| 7. ||b) is the reduced single-particle
transition matrix. Those matrix elements offer information related to the
characteristics of the given one-body operator. They completely characterize
the operator; they have nothing to do with the many-body characteristics of
the nuclear structure. The many-nucleon structure is probed by the last
factor Tpu,, namely [cZEb]LML which contains the particle creation and
annihilation operators. One can imagine that the one-body operator probes
the nucleus by scattering particles from one single-particle orbital to
another. To each scattering it attaches an amplitude, the single-particle
matrix element, characterizing the scattering properties of the operator
itself. The reduced matrix element of the electromagnetic operator O, is:

(I 1O l1Wi Ts) = 71 ) (arllOllb) ¥y Jrllle] Enlall Wi ) , (36)
arb;

The reduced single-particle matrix element (ar||O;.|5:) can be easily
written for any transitions.

2.9 Electromagnetic Transitions in Two-Particle and Two-Hole Nuclei
Let us start from the two-particle nuclei state given in eq (1) as the initial
state and the final states can be written as

i) = Jaibis J; Mi) = N, () [ ] _ICORE),  (37)

1

. i
9) =larby: Iy M) = Nop U [el e} || ICORE). (38)
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here a;, bi, ay, and b; are the initial proton-neutron, proton-proton,
neutron-neutron, initial and final particles. The normalization factor is
given in eq (14) Using the Wigner—Eckart theorem eq (14) we can write
the reduced one-body transition density as symbol [20,22].

i 1\ |
el ) = o (g i) N G

T
- P
[ €as€ f] e My [C“Cb]LML [C b ]J M;

Je L I\
= (_I)Jf_Mf (—Aflf ML Ml) Nafbf(‘lf)-/\/‘aibi(‘]i)

<CORE CORE>,

> (Jaymag o, mp | Iy My)(ama jomp| LML) x

mafmﬂfmamﬁmai meg,

(Ja;ma, Jo;mp;|Ji M;) <CORE ‘cﬂfcafcaclgca Cg, ‘ CORE>

Performing contractions in the core expectation value, we have three possible
contractions permuted to span over four possible terms [29]. For example,
one of them

Cp Cochineh et = 84 4 S0 ube
ﬂfcafcacﬂca = OBiBrParaC—Pua;

All possible contractions for the core expectation value give:

Sﬂiﬁf(saf‘)‘g_ﬂai_
Sﬁf“i 80‘f058—,3ﬁi +
Sﬂfagaiafg_ﬁﬂi_
8/3f0‘8l8i0‘f 8—pa;

o

<CORE )c,gfcachc,gca Cg. ‘CORE> = (=1)/2tms

Thus, the reduced one-body transition density becomes:

_ _ Je L T\
(o Lol ) = 07 (L 37) Non 0Nan 0 =

JaMa, jb _ma,-lLML Ja; m()lijbjmﬂ/'l‘]iMi>_

Y mp e D7 o me | Iy My ) ) (o

Zmo‘f‘ml—“/‘mﬁi (_I)Jh_mﬁi (ja_/‘mav/'jbfmﬂ/'|Jfo) (] My, .]b meg,; |LML) (]a,mﬂ_/‘ jbimﬂi |J1Ml>+

2oy mp,mp, (VT g My o mp | Sy My)Camp, jb — mp | LML) (e, Joimg | Ji Mi) =
) )

Zma/mﬁfma,- (=1)7rmen (Jayma, jo,mp,|Jr My )(jamp, jo — Ma;|LML){ja;Ma; Jb;May |Ji M)

The Clebsch-Gordan coefficients are converted into 3j symbols. The three 3]
symbols can be summed into a 3j symbol times a 6j symbol [30].
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D {apMay oy mp | Ty My)amay jo — mag| LML) Mo, jo,mp, | J; Mi) =
mo,fmﬂfmai

s Japrin MMy Ty T L\ {Jp Ji L
Sblbf Saaf (Sbal LJZ Jf( 1) —Mf Ml ML jai ]af ]bf s

Make use of eq. (36) we reach to the reduced matrix element for two-proton
and two-neutron nuclei:

(arbs; Jr|Oapllaibis i) = TidpNus, (J Ny, b, (Jr) x
[ Jr o J;
.ja,- jaf Jby
Jr Ui
jb,’ jaf Jby
Jr Ji
jbi jbf Jay
Jr g
Jai Jbs Jas

8b,-bf (_1)ja/-+jhf +Ji+u {
Sajbf (_1)1}1_,- +Jjb; +1 %

ja; +Jp. +J 7

8bid/' (_1)Jf+Ji+M+1 {

(39)

This equation is the basis for calculating the decay amplitude of the two-
particle beta decay.

2.10 Nuclei with two-holes and two-particles

By producing two particles in the suitable vacuum state, two particles can be
described as two-particle nuclei inside the notation of occupation number
(core), similarly the two-hole nuclei are also described using occupation
number representation by creating two holes into a vacuum. The procedure
we follow to create the two-particles, or two-holes states is similar to the one
for one—particle and one—hole nuclei [8]. A coupling of rotational momentum
iIs required to explain the two-holes or two-particles nuclear states.

2.10.1 Two—Particle Nuclei

We have two nuclear outside the core, the nuclear state of two nuclei a and b
is written as in [8].

We can express the wave function in this case of two-like nucleons a and b
outside the core as

|a,b; JM) = Ny () Ty UaMajaBalIM)cic | CORE),
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= Nop([cded],,ICORE), (40)
where

[C;Il-cg]]M = Z (iamajaﬁaUM)C;Cg- (41)

mo(mﬁ

The factor v, is the normalization factor [8]

1+8,,(—1)
Nab(]) :\/ 1 ibés b )
a

(42)

Both « and S are the quantum numbers, signify either proton or neutron
orbitals. Two identical nucleons in their SPorbitals ¢ = n,l,j,m,, the
normalization factor

1 for a#b,
0 for a=band] isodd,
Nap(D) =19 1 (43)

— fora = b and ] is even.

V2

Two particle nuclei are always even-even (or doubly even) nuclei. In case of
neutron and proton outside the core the nuclear state has the from

[pn M) = [clef], ICOREY) ) (jymujum liM)ciclICORE) (49
mmym,,
where T = (n,l,j,m,) and v = (n,l,j,m,). Two-particle nuclei of this type
are always odd-odd unusual-odd (doubly odd). Those who perform creation

in (44) or (40) are always anti-commute. From symmetry properties of
Clebsch-Gordan coefficients, the two particles state inversion relations [31]

|ba; JM) = (—=1)/a*io*/*Yab; IM), (45)
Inp; JM) = (—1)/6*n*I+ | pn; M), (46)

Accordingly, nuclei with the same mass number A (isobar), have comparable
properties, this can be attributed to the fact that the nuclear force is charge
independent. For example isobars 13Cg and 13504 have identical properties.
Another example is the A = 6 isobars ®He and °Li .
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(2+, 164 5.6E3 (3)
an —
Sn 2p— — 1797 {25 5p I+ 5366 (15
0+ 0.0 0+ 3562.88 (10)
3+ 2186 (2)
]4—Y ¥ v v 0.0

Figure 3: Experimental low-energy spectra of the two-particle nuclei ®He
and °Li. Energy levels (blue lines) are in keV. The Coulomb energy has been
subtracted and the isospin quantum numbers of the relevant states are
displayed. In °Li the 2+ state at 5.366 MeV is unbound. The energy gab
between the 2* and 0" states in °Li is about 1.8 MeV whereas for “He the
energy gab is 1.79 MeV. Taken from International Atomic Energy Agency
[32].
The ground state isospin is given by

IN — Z| (47)

B
Accordingly, T(°He) =1 with J®™ = 0*for the ground state. Whereas
T(°Li) = 0 with J® = 1*. Both isobars have the core contains only 0s1 thus
2

|CORE) = |CORE(0s)),, |[CORE(0s)), .

The nuclear state for ®He is thus

The angular moment obeys the of triangular condition
AGu2)) =lii—jl ST S M+l 2 0] <3, (49)
Which means J = {0,1,2,3}. Hence,
; (50)

|5Li, 0+, 1+,2+,3%) = |CORE).

e

V2 ”Op% VOP% o+ 1+ 2+ 3+
We have some important isobars used to study GT strength function *3Cg and
120, innershell electrons can spend some times inside nucleus and thus there
Is ptobability for an excess proton capture the electron to become a neutron
in an electronic capture process (EC) according to
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i+ Je—-in+ ..
2.10.2 Two-Hole Nuclei

The wave function of the two-hole nuclei is similar to those two-particle
nuclei. For two proton holes or two neutron holes we have

la™* b1 M) = Ny (D [RERS]IHF), (51)

where a~'and b~tindicate holes for particles a and b, respectively. The
normalization factor is given in eq. (43) [11]. It is worth noting that the energy
level of the |HF') state versus the | CORE) state, compared to the Fermi energy
Er is as follow

Enr =~ Ery Ecore < EF. (52)
For example, in one-neutron one-proton hole nucleus, we have
Ip~'n""; M) =[RS R3] IHF), (53)

In case of two-neutron-hole or two-proton-hole nuclei. They are always even-
even nuclei. whereas proton-neutron-hole nuclei are always odd-odd. The

hole-creation operators k.. are anti-commute [33]. odd-odd. Also, there are
symmetry properties of the Clebsch —Gordan coefficients, given by [34]

b= a1 M) = (—1)a b g 1h71, ), 4
Thus
[n=1p~1 M) = (= 1)/r I i1 ), )

Again, the isobars with the neutron-proton-hole have similar nuclear
properties [35].

An important example for EC process is

EC

38Ca;q — Ko, (56)

The nuclear state for 38Ca and 38K are
57
38Ca; 0%, 2%) = —[h* sh' 3] |HF), 57)

\/_ Wdz ot 2+
and

1 (58)

|*%K; 0%,1%,2%,3%) = |HF)

—[h* sh' 3]
\/E nod; Wd; ot 1t 2t 3t
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3. Results and discussion

3.1 Electromagnetic transition in Two — Particle and Two — hole nuclei

Consider two-particle and two-hole nuclei. The initial and final states in the
electromagnetic decay process are [36,37]

i) = la; bsJM) = Noyw,(J)[cdcf |CORE), (59)

[y} = lagbp; M) = Ny, () |l b | ICORED, (60)

;) = |a; 71,5 IM) = Now, U [, ] ICORE), (61)

) = lay by "5 JM) = Nogo, () | 5, 1 | 1CORE), (62)

where cj ¢y known as the creation final of the particle a and b.

while ¢, , . known as the creation initial of the particle a and b.

These equations, with the aid of eg. (39), give the transition amplitude of two
neutron states to neutron-proton particles due to the 3~-decay [36,37]

ML(_)(ning;]i - pfnf;]f) = Z‘\]’l\]/f\‘N‘nin{ ([l) X

i+t (Ji Jp L
, -1 ]pf+]nf+]L+L : s ] ]
6ninf( ) ]pf ]ni ]nf M(pfnl) +

Ji ] L
d }m(pfnz)] ,

jp +j 1+L

Opim,(—1) T ™ . . .
nlnf ( ) t {]pf ]n{ ]nf

This equation gives the transition amplitude of neutron-proton state to two-

proton state due to the 3~-decay

(63)

M7 (pinis Ji = projidy)

Ji Jr L

r(— jpf+jni+L . . . .
X 5pipf( D {]pf Jn; ]p}}M(pfnl)

(_1)jpf+jni+]f+L {]l ]f L

+ 6 ]p} jnl- jpf

Pibf

}M (P}ni)] ©(64)
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This equation gives the transition amplitude of two-proton state to neutron-
proton particle state due to the 3*/EC-decay

M (pipis Ji = penygsly)

= L3V U0

i Jp L
Ingtipptiptl ) JLIf '
% ppf( 1) ]nf Jp{ pr M(plnf)
Ji Jr L (65)

6 1 ]pl+]nf+]z+]f+L .
+ ( ) ]Tlf ]pl pr

}m(pinf)‘ |

This equation gives the transition amplitude of neutron-proton state to
neutron-neutron particle state due to the B*/EC-decay

M (i J; - nynfs J)

= Z’j:j]\r]\/‘nfn} (]l)
o Ji Jr L
1 (— ]pi+]ni+]i+L .
% 6ninf( 1) {]nf ]pl ]nf}M(plnf)
pitin ikl p L Ji Jp L , (66)
+ 6-” nf( 1) {]n} jpl' ]nf}M(plnf)] .
3.2 The B-decay of “He
The Beta-decay equation
®He, — SLi; +e™ + v, , (67)
We can calculate the Q-value:
Qp- = 3.50521 MeV. (68)
The allowed transition
vOp3vOps; J; = 0F — mOp3v0ps;J, = 07,17,2%,3%, (69)
2 2 2 2

This is because the allowed total angular momentum quantum number states
are

3_3 343 — 0+ 1+ 2+ 3+
|2 2|S]fs|2+2|_)]f 0%, 1%,2%3%

From fig. (3), the ground state of 5Li is at j = 1*. Thus, the initial state equation
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i) = |°He,0*) = | 1core), (70)

1 [ ot
—|C 3C 3

The Final state equation
1 (71)
) = [°Li, 1) =—[ch ¢’ ] CORE).
=l V2 [ rori ]
This is a Gamow-Teller transition from neutron-neutron to proton-proton
state. Thus, we use. eq (63) to evaluate the transition amplitude

My <Wp310p3;]i = 0" - m0pz WOps; J; = 17 ) = (72)
2 2 2 2
7 3¢340+L 0 1 L
IN2X 0+ 1V2X T+ 1N, v [(~1)z" 3 3 3t My (ﬂopév()m) 4
' 2 2

2 2 2

3 3 0 1 L
(-Dz*z*t {3 3 E}ML<7T0P§WP§>] :
2 2

2 2 2

MO(_) = 0 The transition is not allowed for Fermi (L = 0) due to the 6j-

symbol. The right-hand side of eq. (72) of the decay transition of the Gamow-
Teller

25 _125_ [0 (73)

1 1
ﬁENninQZMGT <7T0p% wP;) - ﬁENninfz VZ 3 3

Using eq (9), the reduced amplitude for the Gamow-Teller transition is

2

(1.25)2 | [10 25 10 125
|MGT|2 =—— |=—| =—X = —
2x0+1[.]3 16~ 3 24 (74)

g _ 9i_
=2 +1

The half-life of the phase space factor becomes

. K 61475 _ . (75)
= = = O S.
" (B, +Bor) (0+5208)

The logft value is thus
logft =10g(1180.3) = 3.07. (76)

The experimental logft value is 2.9 [32]. The error in logft value is

3.07-2.9

X 100 = 5% . (77)

error =
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The calculated value using the two-particle and hole theory of 3~-decay (67)
agrees with to the experimental value up to 5%. The theory does offer good
prediction for ®He decay.

2s Of: 0f.
_ 5 12 52 502 -
5 a2 Asi2 0712 0f7/ >
0d3/2 7/2 281/2 — 281/2
— lpS/2 —_— 833/2 R — 0d3/p —
1 —\p 2 0ds/, 0ds/pf——
o 115)?//5 1py2 Ip1/2 1p1/> -0
13% 1IIS>3/2 -0.068 MeV 111533/2 -
12 12
3.754 Mev 'OP12 0py1/2 0p1/2
5 Op1/2 —0—0- Op3/n 5
DF 5.975 MeV -1 -
Op3/2 ¢
Op3p — @—
-10F 0 --10
— Op3p
-15F 4-15
& (5,
-20F 0s;, —@—@— 1-20
0s1; - @—@—
25k 4-25
0 05
3oL He L1 1.30

Figure 4: Single particle states for ®He and °Li. The ground state of 5Li is due
to proton-neutron m0ps vOps pairing at j = 1. The first, second and third
2 2

excited states of ®Li in fig.3 is due to proton-neutron 0psz v Ops pairing at j =
2 2

3*,0%, and 2%, respectively.

The transition is summarized in fig. 5. The first, the second and the third
excited states of ®Li, shown in fig.3, is due to proton-neutron 0ps v 0p3
2 2

pairing to j = 3*,0%, and 27, respectively. 8Li cannot be created at first excited

state 3* since it is not allowed by the 6j-symbol in eq. (63). The Q-value is

not sufficient to create ®Li at the second excited state 0* via the Fermi

transition (vOpsvO0ps, 0%)gs = (mOp3vOps, 07 )356meyv. The formation of
2 2 2 2

SLi at 2* state is inhibited by both energy and the 6j-symbol.
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0 $0.8067

logftex, = 2.9
logfin = 3.07

Q= 3.50521 MeV

®He oL

Figure 5: The transition chart of decay (67). The Q-value is not sufficient to
create®Li at the second excited state 0* via the transition (v 0ps v 0ps, 0%) g —
2 2

(0p3 v O0p3, 07 )3 sc mev- Also LI cannot be created at first excited state 3*
2 2

since it is not allowed by the 6j-symbol in eq (63). The formation of Li at 2*

state is inhibited by both energy and the 6j-symbol.

3.3 The B-decay of 18Ne

The equation of 8Ne decay for B* is
¥Ne — BF 4+ 8+ + v, , (78)
whereas for EC, the equation of the decay is
BBNe + e — BF 4+ v, , (79)
with the Q-value [32]
Qpc = 4.44 MeV. (80)

From single particle states (see figs. 6-9) the decay involves transition of
proton-proton to proton-neutron state. Thus, according to the theory of two-
particle and two-hole, one need to use eq. (65) to calculate the transition
amplitudes. We discuss all possible transitions as follow:

1- The first transition, depicted in fig.6, is

i, 10ds 0ds, 0*) - | fom0ds v0ds , Jy = 0%,1%,2%,3+,4%,5%),
2 2 2 2

The transition is shown in fig. (6). The nuclear spin for the ground state is
Jr = 1*and for the first excited state (1.04 MeV) J, = 0*. The transition
from the initial state equation |*®Ne, 0*) ;¢ to | *8F, 1*) ;5 is Gamow-Teller:

(81)

1
iy = |8Ne,0%), . = —|cf cf ] CORE).
i) = [*Ne,0%)4 ﬁ[ |10
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The Final state equation

CrodsCvod
\/7[ 0 g 0 g
Using eq. (65), the amplitude of the Gamow-Teller decay transition

YS! (nOd%nOd% Ji = 0% — m0ds v0ds J = 1+)
1 14 1
=v3x1xV3 x—=x(-1)1x2 —x(—) ,
V2 5 \3v2 (82)
_ 14
-- |+

Mf:()) (T[Od%TEOd%]l =0t > ﬂOdngd%]f — 1+> =0,

1
If) = |"8F, 1*) g5 = — [l 4] ] |CORE).
1+

Noting that

The transition yields the ground state *8F. Using eq. (9), we obtain the reduced
Gamow-Teller transition amplitude

2 2 (83)
5 — (1.25)2 14| 25 y 14 1375
(T~ 92%x0+1 51 1 s — T

and B = 0. Thus the half-life times the phase space factor becomes

e _OMTS 40503 (84)
fo 5 (Bp+Bgr) (0+4375) oS
From eq. (12) We find,
logft = log(1405.03) = 3.15, (85)
The experimental value for logftexp = 3.1 which makes the deviations
3.15-3.1
error = —31 X 100 = 1.6%,

which is an excellent agreement between theory and experiment.

Let us consider the Fermi transition

18Ne, 0ds 0ds, 0+> -
2 2 gs

18F 0ds v 0ds , Jr = 0+> ,
2 2 1.042MeV
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corresponds to forming *8F at the first excited state, as shown in fig. (10).
From eq (65), the Fermi transition dictates that J; = J, according to the
selection rule. The Fermi transition amplitude becomes,

M) (nOd%nOd% Ji = 0% - nOd%vOds J; = o+>
[(—1);’%“”0 ( ) M, (nOds v0d5>
| V6

pip |

l(—l)g+g+0+0+0 ( \/_> My (nOds v0d5>

+]
I
I
|

According to equation (20), The Fermi single-particle matrix becomes

My <n0d;v0d§) =6
Using. eq (65) the amplitude of the Fermi transition
M) (nOdgnOd%]i = 0% - n0dsv0ds J = o+> = 1X1X1xEx
1t x2 [V x (- 2)] = 2,

This transition constitutes the transition to the first excited state of ‘8F. The
transitions to the final nuclear angular momentum states Jr =
2%,3%,4% 5% are not allowed due to selection rule imposed by the 6-j symbol
in eq. (65). The reduced Fermi transition amplitude is obtained using eq. (8)

2 2 2
Br = 2>(<10)+1 |\/§| =1x |\/§| =2, (86)
The half-life times the phase space factor becomes
K 6147 s
fot1 = = = 3073.5s.

2 (BF + BGT) (2 + 0)
The logft value is thus,

logft =1og(3073.5) = 3.5, (87)

The experimental value of logft = 3.5 [32], the calculated logft values agrees
exactly with the experiment values for the decay (78) and (79).
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Figure 6: The First transition of '®Ne to '*F. The change in energy is AE =
5.28 MeV. Allowed by Fermi and Gamow-Teller transitions.

2- The second transition

(88)

18Ne, n0ds n0ds, 0+> -
2 2

This transition is depicted in fig. (7). The amplitude of the transition

18F, mls1vls1, J; = 0%, 1+>.
2 2

M (nOd;nOd% Ji =0 = nlsivis: J; = 0or 1+) =o0. (®9

Mer = 0, M= 0 i.e. the transitions are inhabited for Fermi and the Gamow-
Teller by single particle matrix.

3- The third transition

18Ne, 10dsn0ds , J; = 0+> -
2 2

18F, m0ds v0ds, Jr = 1+,2+,3+,4+>,
2 2

is depicted in fig. (8). Using eq (65) for all possible Js= 1%, 2, 3", and 4%, only
Ji = 17 contributes since the 6-j symbol matrix yields zero for J; > 1*. Note
that this transition requires energy of 2.214 MeV of the Q-value. Part of the
remaining energy 4.44 MeV — 2.214 MeV = 2.226 MeV is consumed as
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Figure7: The second transition of '®Ne to '*F. The change in energy is AE =
2.378MeV. The Fermi and Gamow-Teller amplitudes vanish according
since the single-particle matrix does not allow the transition.

an excitation for 8F, presumably the 3.721 MeV 1* state, shown in fig. (10).
The initial state equation

(90)

i) = |"®Ne, 0%) 45 = |CORE).

1

Tt
—|C C
\/E[ nOd; nOdgL-l_
The Final state equation

1 91)
If) = 1"°F, 1% )3 721mev = 7z !C,IOdSCTw@] |CORE),
2 214+

2
We obtain the amplitude of the transition for Gamow-Teller decay using. eq
(65),

Ys%) (nOdgnOd%, Ji = 0% = n0ds v0ds, J = 1+) _

T 3i41+4L 0 1 L
LV2X0+1V2X 1+ 1N,/ [(-1)"2 3 05 5. M
2 2 2
5 3 0 1 L
(ﬂOdEWd§)+ (-2 {3 5 5} M (nOdEVOdg)].
2 2 2 2 2 2 2
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The Gamow-Teller transition amplitude becomes

(92)

M (nOdgnOd% Ji = 0" > n0dsv0ds J; = 1+) =1

We end up with

4
MGT=E

The transition is not allowed for Fermi due to the single particle matrix
element which prohibits the Fermi transition from n0ds — v0ds since

2 2
ji # Jrineq. (20).
Using the eq (9). We find the reduced for the Gamow-Teller transition,

and M = 0.

_ (a2s)? 4% _ (93)
GT = Zx0+1 \/_| T X |\/§| =50,
then we find the half-life to phase space factor
K __6147s 94
fot% G5 = ors) = 12294s. 94)
The logft value
logft =log(1229.4) = 3.1. (95)

No experimental value is available for such a transition. This transition is
suppressed experimentally due to the relatively high excitation of the 8F
(3.721 MeV) compared to the Q-value of the decay.

4- The Fourth transition

18Ne, m0ds 0ds, 0+> -

2 2

18F, 0ds viss, J; = 2%, 3+>, (96)
2 2

is depicted in fig. (9). According to eq (65) the amplitude of the transitions to
Jr = 2%, 37states are prohibited by both the single particle matrix and the 6-
Jj symbol matrix. Thus

M (nOdgﬂOdi Ji = 0% - m0ds vis: J; = 2%, 3+> —o. 7
2 2 2

2
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Fig. (10) summarizes all possible transitions for decays (78) and (79). Note
that decay (*®Ne, 0.00 MeV, 0%) to (*8F, 1.081 MeV, 0°) is not allowed due to
parity — conservation. The Fermi transitions do not violate
parity, unlike, Gamow-Teller transitions whichdo not conserve parity.
Transitions to energy levels higher than or equal to 1.701 MeV of F are
theoretically allowed because they involve Gamow-Teller transitions.
However, they are forbidden according to the single-particle amplitude since
they involve transitions from d-subshells to p- and s-subshells. However, the
s-d shell mixing gives rise to small probability of such transitions as discussed
next.

10 ————— - 10
— — — 217 —
. 0dzz 1p,, —/——— _ 0‘1dp3/2 P ———

0 1840 1p3/2 oz (1)23/2 ——| 0
- 0dsy2 — Odgp 15172 372 097 Mev T
[ -3.184 MeV — @ 0ds2  1sqp i

18172 -5.118 MeV

" 0ds/2 .

-10 - @@ Opipy 0ds/2 -1-10
i —e—e— 0Py i
[0-0-0-0 0032 op ]
i o S 3 U 12 —o-0—

—o—0— Opqp2

'20 — / Op3/2 _._._._; '20
i -0-0-9 0p3p ]
—o—e—0s12 ]

-30 + —o—0— Osqp —-30
. 0512_o @
- @& & 0Os .

— 172
-40 - --40

Figure8: The third transition of '®Ne to '8F. The change in energy is AE =
2.214 MeV. According to eq. (20), the Fermi transition is not allowed since
Ji =5/2 # jr = 3/2. This transition from '*F at state (17, 3.721 MeV).
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Figure9: The fourth transition of ®Ne to F. The change in energy when
transitioning a proton (i) — proton (r) AE = 1.934 MeV and the change in
energy when transitioning a proton (rr) — neutron (v) AE = 2.378 MeV.
This transition is prohibited by two selection rules of the single-particle
transition amplitude and 6j-symbol.

3.4 s-d Shells Mixing of 13F

We can assume configuration mixing for s- and d-shell in the 1* state of 18F.
18F 10ds v 0ds, 1+> and

2 2

This is expected because the mean filed states

18F m1s1 visa, 1+> can be mixed due to the narrow energy gap, as depicted
2 2

by fig. (11). The mixing can be expressed by two orthonormal states

|18F,1%), = A |n0d§ v0ds , 1+> +B |7t1$1v151, 1+>, (98)
2 2 2 2

|'8F,1%), = -B |n0d§v0d§ , 1+> + A |nls1 vis, 1+>, (99)
2 2 2 2

(1F28F, [1%, 18F); = ,(1*18F, |1*, °F), = A% + B? = 1 (normalization)
((1118F |1, 18F), = 0 — AB + BA = 0 (orthogonality).
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18Ne

Figurel0: All possible transitions for the B*/EC decays (78) and (79). The
figure shows the calculated logft values as well as the experimental logft

values plus the branching ratios of the decays.

Since the transition to s-state is not allowed, we expect that B << A . The vales
of A and B is determined by experiment. Both states are due to GT transitions.
We modify our result such that the nuclear Gamow-Teller transition

amplitude for the first state

18F

14
Mgr(*8Ne, 01 - 11, 18F), = — /?A,

and the nuclear Gamow-Teller transition amplitude for the second state

4.361 MeV

3.721 MeV

3.131 MeV

1.701 MeV

1.081 MeV
1.042 MeV

0.000 MeV

14 14
Mer(**Ne,0* - 1+, 1°F), = — /? (-B) = /? B aon

Hence, the reduced Gamow-Teller transition amplitude for the first and the

second state are

14
BGT(OJS - 1%), = ?gAZAZ’

and
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BGT(O;S - 1%), = %QAZBZJ (103)
‘are Bgr, = 4.88 and Bgr, = 0.245 [38]. Dividing eq. (102) over eq. (103)
we obtain

Ber(0Fs = 1%); A*  4.88
Ber(0fs —» 1%), B2 0.245

= 19.9,

make use of the normalization condition, we obtain the values of the square
of mixing amplitudes, to be A2 = 0.952 and B? = 0.048.

Using eg. (98), the first initial state is thus,

i), = |18F,1*), = 0.98 |n0d§ v0ds, 1+> +0.22 |Tc151 visy, 1+>, (104)
2 2 2 2

whereas, using eq. (99) the second initial state is

i), = |18F ,1+), = —0.22 |7T0d§v Od§,1+> +0.98 |T[151 vis, 1+>. (105)
2 2 2 2
Note that the decay of 8Ne (0%) ¢s to 8F (1*)2 (the second decay of 8Ne) is
not allowed as indicated in eq. (88). This is reflected upon the smallness of
the value of B2. However, this mixing scheme can affect the decay of 8F to
180, as shown next.

Modification is executed to the 2" transition (88) to account for the small
amplitude in eqg. (103). This transition forms 8F at state (1+, 1.701 MeV). We
can calculate the reduced amplitude to be

14
8
Mar(“Ne, 05 - *°F, 1{), = /g B. (106)

The reduced transition amplitudes are

2

(1.25)% | |14 5 (1.25)%> 14 0048 = 0.21
P = X — X 0. = U.
(T~ %0+1|]5 1 5 o (107)

where as Br = 0. This corresponds to foty, value

K 6147
= 29271.4, (108)

t1 = =
fo 5 (Bp+Bgr) (0+021)

where the logft value is
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logft =10g(29271.4) = 4.47. (109)
The experimental value is 4.4 which makes the deviations

447 — 4.4
4.4

error = X 100 = 0.16%,

in an excellent agreement between theory and experiment. The agreement in
this case is due to the fact that theory is tailored to experiment when use the
experimental reduced amplitudes derived from experimental decay width
[32].
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Figure 11: The s-d shell mixing of the ground state of ®F. The state

equations are given in egs. (104)-(105).
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3.5 The B*-decay of 18F

The equation of decay for Bt of 8F is:

"5Fg = 18010 + BF + ve, (110)
whereas for EC, the equation of the decay is:

18Fy + e > 18040 + e, (111)

With the Q-value Qg = 1.6559 MeV [32]. Not that 80 is formed at the
ground state since the Q-value is smaller than the first excited state of 180
(1.98 MeV). Make use equation (66), one calculates the transition amplitudes
using the two-particle and two-hole theory.

The only transition is ground state 8F (J; = 1*) to ground state of 80
(]f = 0+)-

8F 7 0ds v0ds, J; = 1+> -
2 2 gs

180, v0ds v0ds , Jr= 0+>
2 2 gs

The initial state equation

112
i) = |*°F, 17)45 = ()

ilc* ach ] |CORE).
\/E 70 ; 1%0] ; L+

The Final state equation

1 (113)
=|180,0%),. = —|c’ . cf ] CORE).
|f> | )gs \/E[ VOd; V0d§ o | )

The transition is from proton-neutron to neutron-neutron; thus, we use. eq
(66) to find the amplitude of the transition of the Gamow-Teller decay,

M) (nOd;vOdgji =1* > v0dsv0ds J; = o+> —V3x1x (14
2 2 2 2

w1

5 3v2

14
MGT = — ?

14

z

V3 x%x(—lﬁx

We end up with

The reduced Gamow-Teller transition amplitudes is calculated using eq. (9),

126



2 (115)
= (1.25)21—‘5L = 1.46,

2 14
5

The half-life to phase space factor becomes,

fots = (jﬁ;) = 4215.09 s, (116)
> .
corresponds to logft value
logft =3.62. (117)

The experimental value is 3.6 [32]. The error of logft is:

3.6—3.62

X 100 = 0.55%.

error =

The deviation is very small. Once again, the two-particle two-hole theory
successfully describes the strength function for the decays (110) and (111).

The reader must notice that the initial state of ‘8F in eq. (112) is in fact the
|18F ,1%), given in eq. (104). In this case the reduced amplitude (115) is
composed of two terms, one term has A? and the other one has B2. The
normalization condition A2 + B? = 1 makes the value of the reduced amplitude
(115) unaltered. Thus, the mixing does not change the final value of (117).

3.6 The BT -decay of *2Sc
The equation of decay for B is:
215C21 = 35Caz + B + v, (118)
whereas for EC, the equation of the decay is:
32Scy; + e = 35Caz + V. (119)
The Q-value Qg = 6.42629 MeV [32].

1. First transition, depicted in fig. (12), is a Fermi transition from proton-
neutron to neutron-neutron state. Thus, we use eq. (66) to calculate the
transition amplitude

M (nof%‘/of%]i =0" - Vof%‘/of%]f = 0+> =2,

Using eq. (8), the reduced amplitude for the Fermi transition,
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BF _ g‘z/ Mf|2 _ (1.0)2 |\/§|2 _ 2’ (120)

T 2J+1 2x0+1

The half-life of phase space factor to be

_ K __6147s 121
fots = Grisar = Groy = 307355, (121)
Hence the logftis
logft = log(3073.5) = 3.487. (122)

The experimental value is 3.5 [32]. The error of logft is:

3.5—3.487
3.5

The calculated logft value of the EC/B*- decays (118) and (119) of
transition 1, agrees very well with the experimental value.

X 100 = 0.37%.

error =

2. The second transition, depicted in fig. (13), is a Gamow-Teller. Using eq
(66) the value of the amplitude is

M) (w0f7v0fs )i = 0 = vOfsvofsJ =1%) = 2.2,
2 2 2 2
Using eq (9) the reduced amplitude for the Gamow-Teller transition,

nk (123)

7

The half-life to phase space factor becomes

LK 614Ts o (124)
Jots = B, T By~ (01 2678) 22023695
The logftis,
logft = log(2295.369) = 3.355, (125)

According to table (1), the transition is super allowed, however, it is not
detected experimentally since it requires 2.1 MeV to occur, unlike the first
transition which releases 5.25 MeV (close the Q-value of the decay).
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Figure 12: The first transition of *2Sc to *2Ca. The change in energy is
AE = 5.252 MeV.

3. Third transition from #?Sc 7*, 0.616 MeV metastable state to 4°Ca 6%, 3.189
MeV excited state. Using. eq (66) the transition amplitude is

(+) — 7+ — 6t = 30
M; ﬂOf%VOf%]i—7 —>V0f%l/0f%]f—6 =7

The transition amplitude is for the Gamow-Teller decay. Using the eq (9), the
reduced amplitude for the Gamow-Teller transition,

” (126)

7

= 0.446,

The half-life to phase space factor becomes
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_ K 6147 127
fot% = Griso = Groasg = 137825112, (127)

The logft values is,
logft = log(2295.369) = 4.139, (128)

The experimental value is 4.2 [32]. The error of logft is:

42-4.139
4.139
The logft value for the EC/B* transition 3 for the decays (118) and (119),
calculated using the two-particle and hole theory, agrees very well with the
experimental value.

error = X 100 = 1.47%.

4 Forth transition from #2Sc 7*, 0.616 MeV metastable state to *°Ca 6*, 5.62
MeV excited state. Using. eq (66), the Gamow-Teller transition amplitude is

M (nOf;vOf%]i = 7%= vOf1v0fs ;= 6+> - —6\E,

Using eq (9), the reduced amplitude for the Gamow-Teller transition,

_6\ﬁ
7

The half-life to phase space factor becomes

% (129)

2
= (1:25) — 26785,

- 2X7+1

GT

_ K _ 6147 s _ 130
fot% = G5 = Greres = 22949411, (130)

And the logft value is
logft =10g(2294.9411) = 3.36, (131)

There is no experimental value for the logft value since this transition forms
42Ca at excited state close to the Q-value of the decay.

Fig. (14) summarizes all possible transitions for decays (118) and (119).
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Figure 13: The second transition of *2Sc to *2Ca. The change in energy is

AE = 2.073 MeV. Allowed Gamow-Teller transitions.

Conclusion

In conclusion, the comprehensive analysis presented in this paper
demonstrates that the two-particle theory provides a robust framework for
describing Fermi and Gamow-Teller transitions across a spectrum of light to
medium even-even and odd-odd nuclei. The empirical evidence and
theoretical calculations align to affirm the theory’s predictive power and its
significant role in advancing our understanding of nuclear processes. Tables
(2)-(5) summarize the calculation data
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Figure 14: All possible transitions for the B*/EC decay (118) and (119). The
figure shows the calculated logft values as well as the experimental logft
values plus the decay lifetime.

Table 2: Summary of the calculated S~ -decay logarithm of the strength
function log ft for all allowed transitions using two-particle Theory for the
decay SHe, — §Li; + e~ + 7, which has Qz- = 3.50521 MeV.

Single Particle SP  transition Nuclear transition ~ Nuclear Isospin  logft logfte,
Transition Energy (MeV) State
Energy
(MeV)
2.221 —5.975 1 3.07 2.9
e 0 Berl0*) = 2
- w0p3 vV O0ps3
2 2

Table 3: Summary of the calculated B*/EC -decay logarithm of the strength
function log ft for all allowed transitions using two-particle Theory for the
decay ¥Ne — F + B+ 4+ v.'*Ne + ¢ — *F + ve or which has Qrc =

4.44MevV.
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Single Particle Transition  SP Nuclear transition Nuclear Isospin  logft

transition state
Energy energy
(MeV) (MeV)
n0dsm0ds 5.289 14 —8473 1 3.15 3.1
gm0 [0 Borl 01— [
- m0ds v 0ds
2 2
n0dsm0ds 5.289 [(0*|Bsl0*)=v2  —8.473 1 3.5 3.5
2 2
- w0ds vO0ds
2 2
n0ds0ds 2.378 [(0*|Bsr|0T)|=0 —5.562 1 0 _
2 2
- mTls1Vv1s1
2 2
Tl'OdETl'OdE 2.378 —5.562 1 0 _
z 2 [{1*1Bsr|07) =0
- mnls1Vvi1sy
2 2
2.214 4 _
- w0ds v0d3
2 2
n0dsm0ds 2.378 [(2*1Bsr|0T) =0 —5.562 1 0 _
2 Vi
- n0ds V1si
2 2

Table 4: Summary of the calculated B*/EC -decay logarithm of the strength
function log ft for all allowed transitions using two-particle Theories the
decay 8Fy —» 80,0 + B+ + v, which has Q. = 1.6559MeV.

Single Particle SP Nuclear transition Nuclear Isospin | logft logfte,
Transition transition State
Energy Energy
(MeV) (MeV)
14
m0ds v O0ds 0.3241 (1% |Br|0T) = — ’? 1.98 1 3.62 3.6
2 2
- v0dsvO0ds
2 2
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Table 5: Summary of the calculated B*/EC -decay logarithm of the strength
function log ft for all allowed transitions using two-particle Theory for the
decay g%SCZI - §%C320 + ﬂ+ + Ve Wthh haS QEC = 6.42629 MeV.

Single Particle Transition SP Nuclear transition Nuclear Isospin logft
transition state energy

Energy (MeV)
(MeV)
n0f7V0f7 5.252 [(1%|Bsr|07)|=0 —9.829 1 3.487 3.5
2 2

{0*18r10*)|=v2

- vOf7vOfy
2 2

0f7 VOf7 2.073 3 —2.504 1 3.355 B
AL} [ Berl0)1=2. 2
- VOf7vOfs
2 2
0f7VOf7 2.573 20 3.189 0 4139 42
2 2z K6"1B6r|7*)|=— >
- vOf7vOf7
2 2
0f7VOf7 5.004 P 5.62 1 3.36 _
7vof; (6 6r10*)1=—6 |2
- VOf7vOfs
2 2
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