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Abstract:

In this study, we endeavour to prove that K(X, Y)is a structure and both sufficient to R.D.P .1 will check
that L(X,Y) is conditionally complete or can contain a positive cone. I'm trying to find the conditions that
make K(X,Y) a network that has an approximate standard of unity.
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1. Introduction:

The connection between partial orderings on a Banach space and dual orderings on the dual space is generally
recognized. The natural ordering of finite linear operators within partially ordered Banach spaces, however,
seems to be extremely little understood. We examine the requirements on X and Y to ensure that L(X,Y) is either
conditionally complete, positively produced, or has a normal positive cone. Ellis ([1]) is credited with generating
this space in a positive manner, which is uncommon. L(X,Y) is order-unit-normed in this scenario, which
happens when X is base-normed and Y is order unit-normed. We demonstrate that this outcome cannot be
enhanced by permitting Y to be approximately —order uninformed, for instance. We deal with compact operators
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when we restrict our analysis to the scenario where Y is a simplex space. We determine the circumstances under
which K(X,Y) must possess the Riesz decomposition property, be positively produced, or have a normal positive
cone. We also establish conditions under which K(X,Y) is a lattice on X and Y Lastly, we demonstrate that if
and only if X is base-normed is K(X, Y) approximate-order unit-normed.

2. Definitions and duality:

X, is anon-empty subset that: ?
(1) X, + X, € X,,and

(2) AX, € X, if A = 0. is a segment in the real vector domain X.

(3) X; n (—X,) = {0}as well, then X_is referred to as a cone. We shall always assume that X is closed if X is
a Banach space. If there is a neighborhood base of 0 in X, which is made up of sets U such that x, z € U and

x <y < z together imply that y € U., then in this situation, X is called normal. It is obvious thatX, is a cone
if it is normal. If each x in X can be expressed as x* — x~,

where x*,x~ € X, then X, is generating. X is bounded generating if it is generating, which means that if
M>0, then any x € X

has a decomposition into positive components with ||x*]|, [|x~|| < M||x]|. This is because X is a Banach
space. We can define a partial preordering on X if and only if x — y € X, provided that

X, is awedge within X. This is a correct partial order if X, is a cone, meaning that x > y and y = x implies
x = y. Let X* represent X's Banach dual. The dual wedge, denoted as

X ={f; EX*:ij(x) > 0(x € X, )}
J

, Isa wedge in X* The duality of the normalcy and producing qualities is among the most significant duality
results. It is possible to make this quite exact. If ||x]|, ||z]] < 1 and x <y < z imply that ||y|| < C, then call
x* C-normal. It is also C-generating if, for every x € X, there exist x*,x~ € X, , withx = x* — x~and
lx*| + [lx~ || < ClIx]|. Next, we have:
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Theorem (2.1): states that if and only if X7 is C-generating, then X, is C-normal. For all € > 0, X,is (C +
€)-generating if and only if X}is C-normal. Grosberg and Krein [2] are credited for the first portion of this
result, and Ellis [3] for the second. Ng provides a brief proof in [4]. Ellis's result is connected to a number of
other results. Here are a handful of them. Asimov states that if x;, x5, ..., x, = 0 implies X 7|x;|| <

(4 DX xl-

Xthen X'is (u + 1, n)-additive. If ||x;|| < 1(1 < i < n) indicates that there exists y = x4, ..., x,n,with||y|| <
u + 1then X is said to be (u + 1, n)-directed. If, on the other hand, X is (u + 1 + &,n) —directed for all £ >
0, then it is approximately (u + 1, n)-directed. In [5], the following theorem was demonstrated.

Theorem (2.2): states that if and only if X* is (u + 1,n) additive, then X* is roughly (u + 1, n) directed .Ng
demonstrated the next two findings in [6].

Let u = 0. Apply the

Theorem (2.3): Then the following claims are interchangeable.

(i) fg; € X" and 0 < g; < f; = Zjllg;ll < w+ DI, |5

(if) x € X and ||x|| < 1 = there exists y € X with ||y|| < u + 1 such that: y > 0, x.

Theorem (2.4): Let a>1. Apply the Theorem (2.4). Then the following claims are interchangeable.
() fjg; € X and —f; < g; < f; = Ejllgjll < w+ DI

(if) x € X and ||x|| < 1 = there exists y € X with ||y|| < u + 1. such that —y < x < y. Ather kind of duality
outcome relates to unique areas. A convex subset B of X is a base for X, if for every nonzero xe X, there
exists a unique representation Ab ,for b € B, 2>0. If X is positively generated, the Minkowski functional of
co(BU-B) defines a semi norm on X. If this norm exists in the space X, it is referred to as a base normed
space. An order unit in X is denoted by e € X, when A>0 for every x € X and with Ae = x = —Ae. X with this
norm is called order-unit-normed when the Minkowski functional of {x : e > x > —e} is a norm. If there
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exists veA and u > —1 with (u + 1)e, = x = —(u + 1)e,,. Then an approximate order unit in X is an upward
directed set {e; : 4 € A}in X. X with this norm is called approximate-order-unit-normed if the Minkowski

functional of {x : there exists 1 € A withe; = x = e;} isanorm.
Theorem (2.5): The ensuing claims are interchangeable.

(i) X* is base-normed.

(ii) X is approximate-order-unit-normed.

(iii) X, is 1-normal and the open unit ball of X is directed upwards.

Our ultimate goal is to determine the order characteristics of the relevant spaces. Remember that X possesses
the Riesz decomposition property (R.D.P.) if there are x;, x,such that 0 < x; < y;and x; + x, = x,whenever
0 <y;y,and 0 < x < y; + y,. Alternatively put, X possesses the Riesz separation property (R.S.P.) ifu € X
such that x,y < u < v,w.wheneverx,y < u < v, wlif there is a least upper Bound for any memorized subset
of a vector lattice X then X is said to be complete.

Let X be a partially ordered Banach space with a closed, normal, and generating cone, as stated in.
Theorem (2.6): The following are therefore comparable.

(i) X has the R.D.P.

(if) X* has the R.D.P.

(iii) X™* is a vector lattice.

(iv) X* is a complete vector lattice.

(i) = (ii). This is well known.
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(iiii) = (iv). Assume that a subset of X,, majorized by hois {f/ : i € I, U(h) ={g; : h=g; = %, f i € I},
let. There is no empty setin U(h) If h = }; fij (i € I).According to the cone's definition in X,, U(h) is weak*-

closed. Also take note of the fact that U (h) is norm-bounded since X, * is normal and X is positively
produced.U (h) is hence weak*-compact. Assume:

U=n{U(h) : h =3, f’} The family (U(h))hi,fj possesses the finite-intersection property because X* is
=ajli

a lattice. Given that {fij} IS majorized, this family cannot be empty, so each U(h) must be compact in order for
U to be non-empty. For everyiinl, h > ijij if hisin U.In contrast, h € U € Uh' > Z,-fl.j (i € I), meaning
that i’ > h. Thus, h is the supremum of {£/ : i € I}.in X*.

(iv)=(iii)=(b).

This comes after a fortiori. Ando is responsible for the primary implication, (ii) = (i) [7].X and Y will be
semi-ordered Banach spaces with closed cones throughout. The Banach space of all bounded linear operators
with the standard norm from X to Y is denoted as L(X, Y). This space will always be analyzed using the
(closed) wedge W = {T : Tx € Y, {x € X,)}. The subspace of all compact operators will be represented by
K{X,Y), which has the same norm and wedge K(X,Y) n W. In order to rule out certain degenerate scenarios,
we additionally presume that that X, Y, # {0}.

3. Bounded operators
The normalcy of L(X,Y), is the first thing we address.
Theorem (3.1): If and only if X is positively produced and Y, is normal,

then L(X,Y).is normal. Assume that Y_=is D-normal and X is C-generated. Since |[S]|, [|U]| < 1. If ||x]| < 1,
.LetS, T,U € L(X,Y), xt,x~ > 0suchthatx = x* —x~ ||x™|| + |[x~|| < C. exist if IxI<1. When ||Tx|| <
ITx*|| + [ITx~||, we observe that
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ITIl < sup{lITx ™Il + ITx~ |1 = x*,x™ =0, [lx*|l + lIx~IIC} < Csup{lITyll : ¥ = 0, |lyll < 1}
< Csup{max{||Sy|l, IUy[l} : ¥ = 0, [lyll < 1}

< CD max{||S||, [|U][3}.

On the other hand, let's say that L(X,Y), is A-normal. Select y € Y, such that ||y|| = 1.Fix F:x — f;(x)y
andso If fj, gj, hj € X" andY; f; < X;g; < Xjh;. Giventhat F < G < H ||G|| < Amax{||F||, ||H]|[}.
However, since || f;|| = IIF Il and so on, X7 is A-normal. X is hence positively created. allow f be a positive
bounded linear functional on X, such that f;(x,) = 1 and allow x, € X, (x # 0). Since X, is closed, such f
exists. Assume that s,t,u € Y. Define Sas S :— f;(x)s, and define T and U in the same way.S :— f;(x)s,
ISII = X[ ]| IIs]l, and so forth are evident. Now, since X[ ;|| # 0, Y, must also be A-normal if L(X,Y),.

Now, we examine L(X, Y)positive generation. It is rare to find situations where the space is positively
generated. First, we examine a few prerequisites.

Proposition (3.2): states thatX, is normal and Y is positively generated if L(X,Y)) is positively generated.
Let f be a positive bounded linear functional on Y such that f(y,) = 1and lety € Y, with |[y,|| = 1.letG : x —
g;(x)yo.if g; € X*Given the positive generation of L (X,Y), H = G, 0 exists, and H € L(X,Y). H is a positive
bounded linear functional on X if h(x) = fj(G(x)) However, since h > g;, so X™ is positively generated, and
X, is normal as a result. Let x, € X, with ||x,|| = 1.in order to demonstrate that Y is positively generated.
Assume that f is a bounded linear functional on X such that :3||f;|| = 1. and f;(x,) = 1 Let T : x — f;(x)y.
if yeY. We can find S > T, Osince L(X,Y) is positively produced. Since z > x, 0 if z = Sx,, Y is positively
generated. If the closure of each open subset is open, then a compact Hausdorff space is stonean. When Y=C(Q)
and Q is a stonean space, this is one of the situations in which L(X,Y) is known to be positively generated
whenever X, is normal. Since C(Q) is a full vector lattice in this situation (Nakano, [8]), we can benefit from
the following theorem by Bonsall ([9]).

Theorem (3.3): Assume that E is a real vector space and that E,, represents a wedge in it. Assume that Q is
a super linear map from E_into V and that P is a sublinear map from E into a full vector lattice V such that
Q(x) < P(x)) for any x in E_Next, there is a linear operator T that maps from E into V in the following ways:
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T(x) <P(x) (x€E),

Q(x) <T(x) (x€E).
First, we proved the dual of an Asimov [5] result for Y = R, which was asserted by Ng [28] without any
supporting evidence.

Theorem (3.4): Let Q be a stonean space. Then, if and only if L(X, C(Q)) is (a, undirected, then X is (u +

1, n)-additive. Assume that Ty, ..., T,, : X — C(Q) all have norms that are less than or equal to 1. In the event
that x > 0452142. Let Q(x) = sup{T;(xy) + 24 -+ T,,(x,) : X1 x; = x,x; = 0} Given that is clearly

defined
n n n n
> T = Y Il 1 < Y llwll 1o < @) x
1 1 1 1

and Q is super linearity on X, is evident. Moreover, Q(x) < P(x) forany x € X, if P is the sublinear map
defined on X mapping x to (1 + 1)||x]|| 1,. A linear operator S from X to C(Q)such that S(x) >
Q(x) (x € X,),, S(x) < P(x) (x € X)exists by Theorem (3.3).

1q < allx|l1q

The formulation of Q@ makes it obvious that if X > 0 ,and 1 < i < n, then S(x) > T; (X).The implication in
one direction is proven as ISI< u + 1. Conversely, let's say that x,..., x,€X,.

Assume that f; €X™ and that(x;)=l x; I.There isS > T; (1 <i <n),ifT; : x — f;(x)1q,and ||S|| < u+ 1.

Nevertheless,
n n n n n
> xif1azs (Z xi> =D 52 ) ) = ) il 1a.
1 1 1 1 1

Thus, Xis(u + 1,n)-additive (u + DX x;]| = X%||x;]land X Similar outcomes to Theorems (2.3) and (2.4)
can be stonean space. The following are equivalent. Demonstrated.

(u+1)

Theorem (3.5): Let Q be a stonean space and p > 0These two are interchangeable, for each

Mx,yeXand0<x<y= x|l < (u+ DIyl
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(i) S = T,0 with ||S|| < u+ 1 exists if T € L(X,C(Q)) and [IT|| < 1

(i)=(i). Bonsall's theorem (Theorem 3.3), which uses P(x) = (u + D)||T|| ||x||1q and Q(x) =
sup{Ty : 0 < y < x}, yields this again. (ii) =(i). To demonstrate this, first observe that if C(2) = R, then (i)
holds with X replaced by X**.Since X,and X < X™* are closed,

(1) holds (i.e., the original ordering on X matches the relative ordering as a subspace of X**).Generally, pick
w € QletF : x — f;(x)14if fe fj € X* and T}||f;|| < 1.According to G > F,0,where ||IG]| < u+ 1. If g; :
x — G(x)(w);theng; € X*,g; = f;,0,and ;| g;|| < p + 1

are evident. As a result, (i) is true if R is substituted for C(Q2).

Proposition (3.6):Let Q be a stonean space and x > 0. These two are
interchangeable. For each
Mx,yeXand—y<x<y=|x||l<u+1=]|yl.

(i) T € L(X,C(Q)) and ||T|| < 1= there exists S = T, —Twhere ||S|| < p + 1.
(i) = (ii).Using P(x) = (u + DIIT|llIx||1q and

Q(x) = sup{Ty : —x <y < x}., we apply Theorem (3.3).

(i)=(i). The proof is nearly the same as the one for Theorem (3.5). When either X or Y is finite-dimensional,
we can demonstrate that L(X,Y)

is positively generated.
Lemma (3.7): Given a finite dimensional real vector space X and a closed, generating cone X,

every P; induces a lattice ordering on X, and there exist closed generating cones P;, P, suchthat P, € X, <
P, First, note that X, must be normal as X is finite-dimensional and X is closed. Moreover, X, 's interior is not
empty, giving X an order unit. The basis B of X, is the same as that of X*, B is undoubtedly compact, and if
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it's w-dimensional, we may identify n + 1, affinity independent extreme points in B. These points have an n-
simplex, S, as their convex hull. When P; is the (closed) cone with base S, P; € X, and P, — P, = X.are
evidently related. IdentifyP; < X closed, generating, And inducing a lattice ordering before attempting to
identify P,.

Let P, = P/ € X" = X, now, where X is identified by X**).

P, induces a lattice ordering on X via Theorem (1.2.8). Since P, is obviously closed and generating, the
outcome is finished.

Proposition(3.8): L(X,Y) is positively produced if X, is normal and Y is finite-dimensional and positively
generated. Positive generation of L(X,Y) with natural ordering occurs if Y is given the order produced by
P;However, if S > T, 0 for this ordering, S > T, 0 for the initial ordering as well. As a result, L(X,Y)
generates positively as needed.

Theorem (3.9): States that L(X,Y) is positively generated if X is finite-dimensional and Y is positively
produced. Take X and the cone P, that contains X . This will provide X, — X, ,which is built according to in
Lemma(1.2.15). letxy, ..., x,,reside on one extreme ray of P,if T : X — Y. Together, they create P,.Since Y is
positively generated, forl <i <n,y; > Tx;,0.LetS; = y;

Then, by linearity, extend S to X, — X, and, in any linear way, to the entirety of X.For every x € P,,we thus
have Sx > Tx, 0 and S is bounded since X is finite-dimensional. However, whenever x € X, Sx = Tx,0
ensuring that L(X,Y) is positively generated .If X is base-normed and Y is order-unit-normed, this is another
scenario in which the space is known to be positively generated

(Elis ([1])).L(X,Y) is order-unit-normed in this instance. One may argue that L(X,Y) would have an
approximate-order-unit norm if Y were to be assumed to have just an approximate-order-unit norm. We'll
discover that this isn't feasible. Actually, we have the idea that follows.

Proposition(3.10): States that the unit ball of B is bounded above if L(X,Y) is positively produced

whenever X is base-normed. Specifically, if Y, is normal, then an order-unit norm is equal to the normon Y.

AssumeX; =Y X R Assign Give X; the cone with base {(y, 1) : ||ly|| < 1}, along with the base norm that goes
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with it. As the ball of Y has an upper constraint of 2t (0)Because if ||y||1, then ||—y|| < 1 as well, and we
have projection of X — Lonto Y, let T € L(X;,Y).Assuming S > T, 0. there exists S € L(X;,Y)Examine the
map m, which defines

my = S(y, 1), from the unit ball of Y into Y. Clearly, for every y in Y, my > y, 0 with

llyll < 1. = is affine as well. We assert that the unit
2n(0) =n(y)+n(-y)=y+0=y.

In case Y, is C-normal, the following inclusions are present: Thus, in this situation, the order unit norm
generated on Y by 2xn(0) is identical to the original norm
{vev:lyls1}c{yey:2n(0) 2y = -2rn(0)} s {y €Y : [lyll < 2ClIm(0)|[}

We also own the subsequent dual outcome.
Proposition (3.11):

Assume that if X is positively created, then L(X,Y)is also positively generated if Y is ordered by the unit of
measurement. In that case, a base norm and the

norm in X are equal. Themapmap « : L(X,Y*) — L(Y,X™), defined by
(@) () = (Tx) (W),

is used to illustrate this. is L(X,Y™) linear isometry onto L(Y, X™) (see, for example, [10]). This map is also an
order-isomorphism since

T >0 (aT)(y) =0 (yev,
& (D)) =0 (vev,xeX,)
© (Tx)H) =0 (yEY,x€EXY)
©Tx=>0 (xeX,)
<T=0

53



Assume for the moment that a base norm and the norm on X are not equal. In such case, X* is not equal to a
space with an order unit norm. As a result, L(Y, X*) is not positively produced in base-normed space Y. In
other words, Y* is order-unit-normed, as claimed, but L(Y, X™) is not positively generated. These final two
findings can be summed up as follows.

Corollary (3.12):Let X, Y, and W be the classes of partially ordered Banach spaces with generating cones
that are closed and normal. Let X, represent the class of all such spaces that correspond to base-normed
spaces, and let Y ; ,represent the class of such spaces that correspond to order-unit-normed spaces. Assume
furtherthat X2 X ;and Y 2 Y ;. L(X,Y) is positively generated, If X e X ; andY €Y ;.

(i) X=X, andY =Y, if L(X,Y) is positively generated whenever X €X andY €Y.After discussing the
spaces Y such that L(X,Y)is positively produced whenever X is normal, we wrap up our investigation of the
positive generation of L(X,Y).We restrict ourselves to the spaces with normal positive cone in order to have
some representation of the concerned spaces. Any such Y is unquestionably identical to an order-unit-normed
space by Proposition (3.10). We know that Y has this property if Y is either finite-dimensional or of the form
C(Q),where 1 is astonean space, then we know that Y has this feature. But there are additional areas Y like
this. To see this, we make use of:

Example (3.13): Let S be a non-isolated point in an infinite stonean space, S. Given t,u € S,
let S; = S U {t} U {u}.In order to make S, stonean, let U < S,be open if and only if U N S is open.

GivenY = {fj € C(Sy) : 2f;(s) = f; () + fj(u)},clarify. Y is not a lattice since s is not isolated, despite
having the R.D.P. Here is how to define P : C(S;) » Y
(Pfj)(x) =i+ +fiw) xeS)=/[fi(s)+fi(H)+fiw) (x=torx=mu).

It is evident that P satisfies every requirement of the lemma, and P(C(S,)) < Y. Thus, whenever X, is

n, L(X,Y) is positively produced. If Q is a compact Hausdorff space and Y is a space C(Q2), then Q is probably
stonean if L(X,Y) is positively generated whenever X, is normal. If Q is metrizable, we can demonstrate this
fact, as we show below. Though we need evidence, it is likely that if Y is separable and Y, is normal, then Y is
finite-dimensional if it possesses this characteristic. The example demonstrates that little can be demonstrated,
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at least in words that are now in use, in the absence of the separability assumption or the assumption that Y is
a lattice. Presumably, there is a sense in which Y is ‘close’ to a space C(€2) with Q stonean.

Theorem(3.14):Assume that Y is a separable lattice with normal Y,. Y is finite dimensional if L(X,Y) is
positively generated for all X with X, normal. It is known that Y is equal to a space C(£), where Q is compact
and amortizable. If Q. is not finite, let w, € Q be in the closure of Q\{w,}. Define an open set sequence as
follows.

Since d(wq,wy) < 1and w, # wy, letU; = {a) € Q: d(w,w,) <3d(wy, a)l)}. Select w,, 41 # wq,such
that d(wp41, wo) < 3d(wp, o), provided that w,and U, are specified. Let Uy, ,q = {w e Q:d(w wnyq) <
~d(w, wn+1)}. The non-empty, open, and disjoint sets U, are readily apparent. For any Kk, w, € V,\Vy, and

for Vi = Un=o Uspnsok—1 (k = 0,1,2,...), the same holds true. Given f; € C(Q) and y, the characteristic
function of V, let X be the vector space of all bounded real-valued functions defined on Q of the type

fi+ ) Jie
0

(pointwise convergence). First, take note that no other element of X can be broken down into this form. This is
because f;(wo)= g;(wy))if g is the function and g; = f; + X" Ak xx. Nevertheless, f; = g; — X.5° A xx and

A = lim (gj(oo) — fj(wo)) as w — wy in V indicate that f;andA,are properly defined. Given the supremum
norm, it can be inferred that X is a Banach space due to the uniqueness of this decomposition. Yes, please
Yign =2 f] + Xreo Akxx -and assume that ¥ ;|| g — g3, || < . It follows that

> 192@o) = gi(wo)| < & (1)
j

limZLg,jl(w) - g,jn(a))| <& (asw — wyinVy) (2)
j
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|2 = A&l < 2¢ (3)

and

Ml = sl < 3¢ @
J

Therefore, Z]-(f,lj):;and(/’l}é),‘if=1 are also Cauchy sequences if Zj(g,’;):;l is. If the limits of these final two

are f and A k, respectively (in € (€)) and R), then the limit of Zj(g,{):ﬂin Xisg; = fj + 2§ AxXy- Assume
that T : g; = f; + X0 Akxx — f; We are aware that T is unambiguously linear and properly defined.
Moreover, T is bounded for, as we can see from (4) above, where }; ; g,’; = g;and .}; 97{1 =0 and

ZillTg;ll = ZillAl < 3llg;ll
If L(X,Y) withS > T, 0 would exist if L(X,Y) were positively produced. We examine S1.

S12>5(%;92) = 22(Sy.)- (5)

holds for every n. Let }’; fk{w be any continuous function on Q such that 0 < }’; fk’:w <2 fk{w|E Ve =0,
and w € V. The existence of such a function is established by Urysohn's lemma. As S > T, 0, we have y; =

Yifils 0.
Su 28 flo2TY fly= fl,
J J J

Specifically, S, (w) = 1 in all cases where w € V;..S,, (wy) = 1 since S, is continuous. We thus get

S1(wg) = n + 1 for all n from (5). This is obviously not feasible, and the outcome is established. We examine
briefly the order structure of L(X,Y) in the case where X and Y have normal, closed generating cones. If there
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is a least upper bound for each subset that is bounded above, we will refer to a partially ordered Banach space
as conditionally complete. We don't take the space to be a lattice.

Proposition(3.15):Let X and Y have a partial order. Cones that are closed and normal generate Banach
spaces. The following are therefore comparable.

(i) The conditional completion of L(X,Y) is met. (ii) Y is a full vector lattice and X possesses the R.D.P.

(ii) = (i). Assume that
Turn) < To € L(X, Y).

and that {T(,+1) : # + 1 € A} is a subset of L(X,Y).

If x € X, and x = Y1 x; with x;, € X, then

n n
Z T(,Hl)kxk < Z Toxk = TOX
k=1 k=1
Foreach (u+ 1), € 4,

Yi=1Tu+1) Xk < Xk=1Toxx = Tox Thus, the set's supremum
n n
{Z Tus1yXe 2 X = Z X, X € Xy, (W+ 1)y € A}
k k=1
existing in Y. Use Sx to indicate this. A classic argument states that the map

S : x — Sx is additive on the positive cone of X since X has the R.D.P. S can also be expanded into a linear
operator that goes from X to Y. S = T(,.41), and U>S if U is any linear operator from X to Y with U = T(,,41),

are obvious conclusions. It is still to be proven that S € L(X,Y).

If x > 0, then Now (TO — T(#H))x > (Ty — S)x = 0if x = 0. We can write each x € X, with [|x|| < 1,
asx* —x~ where x*,x~ € X,,, and
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llx*]l + |lx~|] < C since X is C-generating for some C > 0. Next, we have
—x~ <x<«xT

meaning that
—(Ty—=S)x™ < (Ty — S)x < (Ty — S)x*.

Hence T, — S € L(X,Y). But T, € L(X,Y) by assumption, so S € L(X,Y).

However,
(To — $)x* < (Ty — Tx™,

is also present, meaning that -

= (To = Ty, ) = < (To = $)x < (To — ).

We observe that
I(To — S)x|| <

P imax{[(To = Ty x| 1T = Touen)* [}
< CP|[To - Tay |

since Y is P-normal for some P > 0.T, — S € L(X, Y)thus resides in L(X,Y). However, assuming T, €
L(X,Y),S € L(X,Y).

(i) = (i). It will be sufficient to demonstrate that Y is conditionally complete

because it is expected that Y is positively produced. allow g be a positive bounded linear functional on X such
that g;(x,) = 1 and allow x, € X, ||x0ll = 1. Let (s;);¢; be a family in Y that has t as its upper bound. Define
S; + x = g(x)s;, then define T in the same way.(T — S;)x = (t — s;)g;(x) = 0,, meaning that

T = S; .Assuming that T, exists, let it be the supremum of (S;);¢; in L(X,Y).
Ty = S;, Toxy = Sixy = s; since T, = S;.Conversely, if T; > S;, t; = s;is defined
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as T, : x — g;(x)t;Since t; = Tyxy = Tox, .The supremum of (s;);¢, is therefore

Tox,.First, note that L(X,Y) has the R.D.P. in order to demonstrate that X possesses it. With(y,) = 1 for y, €
Y, let f be a bounded positive linear functional on Y. Define G : x — g;(x)y, if g;, h = m, n with all these
elements of X*, and so on. Then, L(X,Y) includes G,H > M, N, and. Consequently, L € L(X,Y) exists where

G,H =L = M,N..When f; is used to compose, it is evident that f; o L € X*and that
gph=fijel=mn,

As a result, under Theorem (2.6), X has the R.D.P. since X* has the R.D.P.
4, Compact operators

Given the findings of linden Strauss [11], it appears that the most practical range selection for a study of
compact operators is those whose duals are L' (a — 1) spaces. We will assume that the range is a simplex
space as we are working with partially ordered spaces (Afros, [12] and [13]). Y will therefore represent a
simplex space for the remaining values. This space has the supremum norm and natural partial order, and it is
isometrically order isomorphic to a space of continuous affine functions on a compact simplex

that vanishes at one extreme point. Y may be identified with A,(K)and K = {f; e Y*: f; = 0, ||f;|| < 1}

is a compact simplex given the weak* topology (the distinguishing extreme point being 0). Obtain the
following outcome.

Proposition (4.1): Assume that T is a bounded linear operator from X into 4,(K). and that X is a Banach
space. Then, for the weak* topology of X*, there exists an affine map t from K into X *that vanishes at 0 and is
continuous, so

() (Tx)(k) = (tk)(x) (x € X, k € K),
(i) [IT]| = sup{l[zk]| : k € K}.
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In contrast, (i) defines a bounded linear operator from X to Ay (K) with norm described by (ii) if such a map tis given.
If and only if 7 is continuous for the norm topology of X*, then T is compact. T > 0 ifand only if t > 0. If X is
partially sorted by a closed cone. With the exception of the final comment, all of these claims are (mostly)
supported by [14]. One may apply the same reasoning as in the Proposition (3.11) proof.

Let F be a Frechet space and K be a simplex. If the set

{k € K: ®(k) nU # @} is open in K whenever UCF is open, then a map @ : K — 2F is called lower semi
continuous. If (k) is a nonempty convex Set ,and
AD (k) + (1 =D D(ky) € Ak, + (1 — Dky)

whenever k 1k, € K and 0 < A < 1, then @ is said to be affine. The subsequent Lazar theorem [15].
Theorem (4.2): Let & : K — 2F be an affine lower semi continuous map such that @ (k) is closed
forall k € K. Let F be a Fr'echet space. Then, for every k in K, there exists a continuous affine

map ¢ : K — F such that ¢ (k) € ®(k) via affine continuous selection for .

Proposition (4.3): Assume that X is a partially ordered Banach space with a closed cone and that Y is a
simplex space. Forany € > 0, X, is (C + €)- We limit our analysis to The case where Y is a simplex space; in
this instance, the positive generation of K(X,Y) is satisfied.

Theorem (4.4): Assume that u > 0, X is a partially ordered Banach space with a closed cone. And

Y is a simplex space. These two are interchangeable. For every x,y e Xand0 <y <x = |ly|l < (u + D]lx||. If T is
intheset K(X,Y) and ||IT|| < 1,then Sisin the set K(X,Y) and S > T, 0and||S|| < u + 1. Proposition (4.1)
allows us to associate A, (K, X*) with K(X,Y)We assume = € Ay(K, X*)and||x|| < 1in

order to demonstrate that (i)=>(ii). It is sufficient to demonstrate that ¢ € Ay (K, X*)with ¢ > 7, 0and [|@]| <
u + € + 1 exists for all € > 0. Assume that ®(0) = {0} and that
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®d(k)={eeX*:e=mn(k),0and|le|]| <u+ e+ 1} (k #0). Forevery k in K, it is evident that @ (k) is closed
and convex. Furthermore, under Theorem (2.3), @ (k) is non-empty. We demonstrate that @ is lower

semi continuous and affine. According to Theorem (4.2), @ will be selected in a continuous affine manner to
yield the necessary ¢. Let x belong to @ (k),

x'tod(k’),and0 <A <1Ax+ (1 —Dx' =nw(Ak + (1 — A)k'), 0, is unquestionably true, and it is also
readily apparent that the requirement that the points be limits of comparable points of norm strictly less than
u + € + 1 is satisfied. Consequently, we may observe that

AP(k) + (1 = V)P(k") € @Ak + (1 —N)k').

if Ak + (1 — A)k’ # 0.However, as 0 is an extreme point of K, Ak + (1 — A)k’ = 0, so the inclusion is still
valid. Assume k, € K if, D € E is open, and ®(k,) N D # @.1t is obvious that we may get

dy € ®(ky) N D

With ||doll < u+ e+ 1. Assume : {d: ||d — do|| <n} S D and let: [|dyl| = (u+ e+ 1) = 6.
The open set

{k € K: In(k) = m(ko) |l < 2min {n, 8}/p + 1}
is represented by U.If k € U, then we can find p > (k) — n(k,), 0, with
Ipll < (u + Dllm (k) — (ko) | < Zmin{y, 63,Since d = do +p = mw(k), 0
and d € ®(k) then ||d|| < [ldoll + lIpll < u+ & — 35 + 1.Additionally, d € D
since ||d — dy |l < 2n. Now, it is unquestionably true that (k) N D = @ if

k € U\{0}(k € U if k, = 0)and that & is lower semi continuous.
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Select y, € Y, withl|yoll = 1,andy; £/ € Yiwith X[|£]| = X1/ 0o)| = 1

in order to demonstrate the opposite. (because Y is a simplex space, perhaps). Assume g; is in X* and
Zj”gj” <1InKX,Y),G:x— gj(x)YO: and

IGIl = Z;|g/||- Thereis H € K(X,Y) with H > G,0 and ||H|| < p + & + 1 for

any e > 0.We obtain h = g;,0,, and ||| < u + & + 1 by putting

h(x) =X, f] (Hx).

We now know that (i) holds according to Theorem (3.5). The space A(K, E) is positively generated if and only
if E is positively generated, as demonstrated by Asimov and Atkinson ([1]). Additionally, they demonstrate
that if E,is closed, normal, and generating, then A(K, E)has the R.D.P. if and only if E possesses this quality.
This outcome becomes necessary only if E is a lattice, and in that instance, we can provide an easy proof.
Now, the order structure of K(X,Y) will be our focus. We derive conditions under which the space has the
R.D.P. or is a lattice. Assuming that the positive cone in X is closed, normal, and generating, we first address
the latter scenario.

Theorem(4.5): Let Y be a simplex space and let X be a partially ordered Banach space with a closed,
normal, and generating cone. If and only if K(X,Y) has the R.D.P, then X has the R.D.P. Here, the implication
in one direction will be served by the demonstration that (i) = (ii) in Proposition (3.16).Once more, we apply
Lazar's theorem and Proposition (4.1) to reduce the issue to the space A, (K, X*),If all of them belong to
Ay(K,X"),and , all belong to A,(K, X™), and

(k) ={x € X" : a(k),t(k) = x = p(k), P (k)},
thus o, 7 = ¢, y,andr € Ay (K, X*)™*) will all be satisfied by any continuous affine selection « of II.

Now, we have to demonstrate that 7 satisfies every requirement of Lazar's theorem. Since X is closed, it is
evident that IT(k)is non-empty and closed (since X* is a lattice). Let us now assume that U is open in X and
that TT1(ky) N U # @, meaning that € U has
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o(ky), (ko) = x = @(ko), P (ko).
Let: y(k) = (x + (0(k) — a(ko)) A (1(k) — (ko)) ) V @ (k) V (k).

Itis obvious.t a(k), (k) = y(k)p(k), (k). It follows that y is a continuous function of k since the positive
cone in X}is normal and generating, allowing the lattice operations and o, 7, ¢,and to be continuous.
Therefore, if k isin N, then y(k) € U, and there exists

a neighborhood N of kyin K. Since y(k)unquestionably also belongs to I1(k),the proof is complete and IT is
lower semi continuous. Next, we examine the requirements for K(X,Y) to be a lattice. First, we demonstrate.

Lemma (4.6): LetY be a lattice with an approximate unit norm. Y has a supremum for each sparingly
closed and bounded subset C, and the set

C' ={sup(4) : Ac C},

is relatively compactThis lemma has been established in [17] using an order unit for Y. The lattice operations
on Y are pointwise operations on the set of extreme points, d, K, of the set according to Edwards' theorem.

K = fjey*:szo,znfjﬂﬁl,
J

and consequently upon its closure. Y is therefore a closed sublattice of C(3.K).sup(C)
will exist in C(ae_K)if C € Y This is located in Y since it is formed in [17] as a limit point
of finite suprema of elements of C. The second portion is immediately derived from the order-unit case result.

Corollary (4.7): Assume Y is a simplex space and X is a partially ordered Banach space with closed,
normal, and generating circles. The following are therefore equivalent.

(i) A lattice is K(X,Y).
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(i) Y is a lattice, and X possesses the R.D.P.
(i) = (i1). The proof for this is identical to that of the implication (a) = (b) in Proposition (3.16).
(i) = (i). This is proved in [17], using our Lemma (4.7) instead of [17].

Using our Lemma (4.7) rather than [17], this is demonstrated in [17]. We examine a specific form of
K(X,Y).According to [3], if and only if X is base-normed, then this space is order-unit-normed(the proofs of
both of which hold in this instance). We can extend this conclusion, unlike the situation where we were
working with bounded operators.

Theorem (4.8): Suppose Y is a simplex space and X is a partially ordered Banach space with a dosed cone.
If and only if X is base-normed, then K (X, Y)has approximate-order-unit average. .K (X, Y), is 1-normal, as
stated in Proposition (4.3). The open unit ball of K(X,Y) is directed, as theorem (4.4) is demonstrated via a
demonstration remarkably similar to this one.K (X, Y) will therefore have the appropriate form.

“On the other hand, consider that K (X, Y)has a norm of approximate order unit. Then, by Proposition (4.3),
X is(1 + €)--generated for any € > 0, and K(X,Y)* is base normed. Demonstrating that the norm is additive
on the non-negative of X is sufficient.p(x) : T — f;(Tx) is a positive linear functional on K (X, Y)

of norm Ixl'if f; € Y7, X;|fi|| = 1, and x € X,.Given that K (X, ¥)" is base-normed, we

ey Il + [z 1l = [IpCe) Il + (eIl = llp Gl + lpCe) Il = IpCey + 21l = |y + 2l
whenever x;,x, € X,.

5.Result:
1. In Corollary (4.7) we have already been able to prove that the two K(X,Y) and R.D.P are equivalent.
L(X,Y") was created in a positive way and S’ =T, 0.

2. thatY’ € Y and thaty > 0 = Py > y for any suitable linear map P from Y into Y'.The same is true for
L(X,Y") if L(X,Y) is positively generated whenever X, is normal. T can also be thought of as an element of
LX,Y)IfT € L(X,Y').ForS € L(X,Y), thereexists S > T,0.S' =P oS ifS' € L(X,Y").Furthermore, S'x =
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P(Sx) = P(Tx) = Txand S'x = P(Sx) = P(0) = 0 are both true if x = 0. As aresult, L(X,Y") is positively
generatedand S’ > T, 0.

Conclusion:

Reynolds ([18]) states that if X*is base-normed and has a weak*-compact base, then X is order-unit-normed.
According to Ellis ([3]). X is base-normed if and only if X* has order-unit norm. (Ng ([19])).
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